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BOUNDARY CROSS THEOREM IN DIMENSION 1 


PETER PFLUG AND VIET-ANH NGUYEN 


Abstract. Let X , Y be two complex manifolds of dimension 1 which are count¬ 
able at infinity, let D C X, G C Y be two open sets, let A (resp. B) be a subset 
of dD (resp. dG ), and let W be the 2-fold cross (( D U A) x B) U (A x (BU G)). 
Suppose in addition that D (resp. G ) is Jordan-curve-like on A (resp. B) and 
that A and B are of positive length. We determine the “envelope of holomorphy” 
W of W in the sense that any function locally bounded on W, measurable on 
Ax B, and separately holomorphic on (4xG)U(Bx B) “extends” to a function 
holomorphic on the interior of W. 


1. Introduction 

In this paper we consider a boundary version of the cross theorem in the spirit 
of the pioneer work of Malgrange-Zerner .IS- Epstein’s survey article P gives a 
historical discussion and motivation for this kind of theorems. 

The first results in this direction are obtained by Komatsu :5j and Druzkowski 2], 
but only for some special cases. Recently, Gonchar uu has proved a more general 
result for the one-dimensional case. In recent works mm the authors are able to 
generalize Gonchar’s result to the higher dimensional case. 

However, in all cases considered so far in the literature the hypotheses on the 
function to extend and its domain of definition are, in some sense, rather restrictive. 
Therefore, the main goal of this work is to establish some boundary cross theorems 
in more general (one-dimensional) cases with more optimal hypotheses. Perhaps, 
this will be a first step towards understanding the higher dimensional case in its full 
generality. 

Our approach here is based on the previous work cm, the Gonchar-Carleman 
operator developed in im a new result of Zeriahi ra and a thorough geometric 
study of harmonic measures. 
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while the second author was visiting the Carl von Ossietzky Universitat Oldenburg 
being supported by The Alexander von Humboldt Foundation. He wishes to express 
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2. Preliminaries 

In order to recall the classical versions of the boundary cross theorem and to 
discuss in more detail our motivation, we need to introduce some notation and 
terminology. In fact, we keep the main notation from the previous work EJ. Here E 
denotes the open unit disc in C and mes the linear measure (i.e. the one-dimensional 
Hausdorff measure). Throughout the paper, for a topological space M, C(M ) denotes 
the space of all continuous functions / : M —► C equipped with the sup-norm 
|/|m '■= sup M |/|. Moreover, a function / : M —> C is said to be locally bounded 
on M if, for any point z E M, there are an open neighborhood U of z and a positive 
number K = I\ z such that \f\jj < I\. Finally, for a complex manifold H, S7i(fX) 
(resp. C(fi)) denotes the set of all subharmonic (resp. holomorphic) functions on 

n. 

In this work all complex manifolds are supposed to be countable at infinity. 

2.1. Open set with partly Jordan-curve-like boundary. Let X be a complex 
manifold of dimension 1. A Jordan curve in X is the image C := { 7 (f) : t E [a, b]} 
of a continuous one-to-one map 7 : [a, b] —> X, where a, b E M, a < b. The set 
{ 7 (f) : t E (a, b)} is said to be the interior of the Jordan curve. A Jordan domain 
is the image {T(t), t E E} of a one-to-one continuous map T : E —> X. A closed 
Jordan curve is the boundary of a Jordan domain. 

Consider an open set D C A'. Then D is said to be Jordan-curve-like at a point 
£ G dD if there is a Jordan domain U C X such that £ E U and U fl d D is the 
interior of a Jordan curve. Then £ is said to be of type 1 if there is a neighborhood 
V of £ such that V fl D is a Jordan domain. Otherwise, £ is said to be of type 2. 
We see easily that if £ is of type 2, then there are an open neighborhood V of £ and 
two Jordan domains Vi, V 2 such that V fl D = V\ U V 2 . Moreover, D is said to be 
Jordan-curve-like on a subset A of dD if D is Jordan-curve-like at all points of A. 

Now let D C X be an open set which is Jordan-curve-like on a set A C dD. In 
the remaining part of this subsection we will introduce various notions. We like to 
point out that these notions are intrinsic, i.e., they do not depend on any choice 
(of open neighborhoods, Jordan domains, conformal mappings ...) we made in their 
definitions. 

A is said to be Jordan-measurable if for every £ E A the following condition is 
fulfilled: 

Case 1: £ is of type 1. There are an open neighborhood U — of £ such that 
UD D is a Jordan domain and a conformal mapping $ = Jn from l/DD onto the unit 
disc E which extends homeomorphically from U fl D onto E such that d>(£/ fl DOA) 
is Lebesgue measurable on dE. 

Case 2: £ is of type 2. There are an open neighborhood U = Uq of ( such that 
U fl D = U1UU2 with Jordan domains U\ = U\^, U 2 = U 2 £, and conformal mappings 
<f>j = £ (j = 1,2) from Uj onto E which extend homeomorphically from Uj onto 

E such that dq( Uj fl A) is Lebesgue measurable (on dE). 

A Jordan-measurable set A C dD is said to be of zero length if for all £ G A, 
if one takes U^, when £ is of type 1 (resp. U(, when £ is of type 2 ) as 
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in the previous definition and notation, then mes flDfl A)J = 0 (resp. 

mes ($j,c(U jX n A)') = 0 , j = 1 , 2 ). 

A Jordan-measurable set A C dD is said to be of positive length if it is not of zero 
length. 

Suppose that D is Jordan-curve-like at a point £ G dD. We define the concept of 
angular approach regions at £ as follows. For any 0 < a < |, the Stolz region or 
angular approach region Al Q (£) is given by: 

Case 1: £ is of type 1. 


MO ■= 


| teE: 


arg 


( m-t \ 

\ m ) 


< a 


where arg : C —> (— 7 T, 7 r] is as usual the argument function. 

Case 2: £ is of type 2. 


5 


A(C) := U *7‘ 

.7=1,2 


| teE: 


arg 


( $j (0 -t \ 

V *;(C) J 


< a 


Geometrically, *4. a (£) is the intersection of D with one or two “cones” of aperture 
2 ct and vertex £ according to the type of £. 

Let £ G dD a point at which D is Jordan-curve-like and let U be an open neigh¬ 
borhood of £. We say that a function / defined on U D D admits the angular limit 
A at £ if 


lim f(z ) 

zeM Q (C), z—>C 


A, 


for all 0 < a < |. 

Let A C dD be a Jordan-measurable set and / : D — > C, g : A —> C two 
functions. Then / is said to have the angular limit g(a) for Jordan a.e. a G A, if 
the set 


{a G A : f does not admit the angular limit g(a) at a} 


is of zero length. For simplicity, in the future we only write “a.e.” instead of “Jordan 
a.e.”. 

We conclude this subsection with a simple example which may clarify the above 
definitions. Let G be the open square in C whose four vertices are 1 + i, —1 + i, 
— 1 — i, and 1 — i. Define the domain 


D := G\ 


1 1 
2 ’ 2 


Then D is Jor dan-curve-like on dG U (—|, |) . Every point of dG is of type 1 and 
every point of (—|, A) is of type 2 . 


2.2. Harmonic measure. Let A be a complex manifold of dimension 1, let D be 
an open subset of X and let A C dD. Consider the characteristic function 


1,9d\a(£) := 


C edD\A, 
£g A. 
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Then the harmonic measure of the set dD \ A (denoted by u(-, A, D )) is the Perron 
solution of the generalized Dirichlet problem with boundary data 1qd\a- In other 
words, one has 

u>(-, A, D ) := sup u, 

uGU 

where U = U(A,D) denotes the family of all subharmonic functions u on D such 
that limsup u{z) < 1 od\a(C) I° r each £ e dD. 

ft is well-known (see, for example, the book of Ransford na for the case X := C) 
that cu(-, A, D) is harmonic on D. 

For a point £ G dD at which D is a Jordan-curve-likc, we say that it is a locally 
regular point relative to A if 

lim u(z, AnU, D DU) =0 

z^C, *eA*(C) 

for any 0 < a < § and any open neighborhood U of £. Obviously, £ e A. If, moreover, 
£ e A, then £ is said to be a locally regular point of A. The set of all locally regular 
points relative to A is denoted by A*. Observe that, in general, A* <£_ A, A qL A*. 
However, if A is open in dD and D is Jordan-curve-like on A. then A C A*. 

As an immediate consequence of the Subordination Principle for the harmonic 
measure (see Corollary 4.3.9 in [T3]h one gets 

(2.1) lim c <j(z,A,D) = 0, £ e A*, 0 < a < —. 

z zeA Q (C) 2 

We extend the function tu(-, A, D) to D U A* by simply setting 

u(z, A, D) := 0, z G A*. 

Geometric properties of the harmonic measure will be discussed in Section 4 below. 
By Theorem 14.(il below, if either A is a Borel set or D C C, then u(-,A,D) = 
w(-,A*,D). 

2.3. Cross and separate holomorphicity. Let X, Y be two complex manifolds 
of dimension 1, let D C X, G C Y be two open sets, let A (resp. B) be a subset of 
dD (resp. dG) such that D (resp. G) is Jordan-curve-likc on A (resp. B) and that 
A and B are of positive length. We define a 2-fold cross W, its regular part W*, its 
interior W° , as 

W := X(A, B] D, G) := ((£> UJ)xB)U(Ax(BU G)), 

W* := X(A*,B*-,D,G), 

W° := X°(A,B;D,G) := {A x G) U (D x B). 

Moreover, put 

u{z, w) ■= a }(z, A* ,D) + cu{w, B*,G), {z, w) e (D U A*) x(GU B*). 

It is clear that uj\dxG is harmonic. 

For a 2-fold cross W := X(A, B\ D, G) define its wedge 

W = X(A, B; D, G) := {(z, w) e (D U A*) x(GU B*) : u(z, «;)<!}. 
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Then the set of all interior points of the wedge W is given by 

W° := X°(A, B; D, G ) := {(z, w) G D x G : u{z, w) < 1} . 

In particular, if A (resp. B ) is an open set of dD (resp. dG ), one has AxB C A*xB* 
and W C W* C W. 

We say that a function / : W —> C is separately holomorphic on W° and write 
/ G O s (W°), if for any a G A (resp. b G B) the function /(a, -)|g (resp. f(-,b )\d ) 
is holomorphic on G (resp. on D). 

We say that a function / : W —> C (resp. f : A x B —> C) is separately 
continuous on W (resp. on AxB ) and write / G C S (W) (resp. / G C s (d x B)), if 
it is continuous with respect to any variable when the remaining variable is fixed. 

In the remaining part of this subsection we introduce two notions. As in Subsec¬ 
tion 2.1 we like to point out that these notions are intrinsic, i.e., they do not depend 
on any choice we made in their definitions. 

We say that a function / : AxB —> C is Jordan-measurable on AxB, if for every 
point ( G A with type n (resp. p G B with type m) there is an open neighborhood 
U of ( (resp. V of p) such that U fl D — (J Uj (resp. V fl G = (J 14) 

l<j<n l<k<m 

with Jordan domains Uj, 14, and conformal mappings J 4 (resp. J 4 ) from Uj (resp. 
14) onto E which extends homeomorphically from Uj (resp. 14) onto E such that 
/($“ 1 (-), d'fc 1 (-)) : J 4 (Uj fl A) x vl / fc (14 n B ) —> C is Lebesgue measurable. 

Two Jordan-measurable functions f,g : AxB —> C are said to be equal a.e. 
on Ax B, if for every point £ G A with type n (resp. p G B with type to), the 
functions 


/(U 1 (')Ny(-)),9(4>7 I (-),'U 1 0): t>,(u,nA) y MHnB) —*c 

are equal a.e. (we keep the previous notation). 

We say that a function / : W° —> C admits an angular limit A G C at (a, b) G W 
if the following limit holds: 

Case 1: a G D and b G G : 


lim f(z,w) = A; 


Case 2: a G A* and b G G : 


7 r 


z^-a, zEAaia), w^b 

Case 3 : a E D and b G B* : 


lim f(z,w ) = A, 0 < a < —; 


z—>a, W^b, W^A-a (b) 

Case 4: a G A* and b G B* : 


7T 

lim f(z, w) — A, 0 < a < —; 


7T 

lim f(z, w) — A, 0 < a < —. 

z^a, zGA a (a), w^b, w£A a (b ) 2 



6 


PETER PFLUG AND VIET-ANH NGUYEN 


2.4. Motivations for our work. We are now able to formulate what, in the sequel, 
we quote as the classical version of the boundary cross theorem. 


Theorem 1. (Gonchar Let D , G C C be Jordan domains and A (resp. 

B) a nonempty open set of the boundary dD (resp. dG). Then, for any function 
f £ C(W ) D O s (W°), there is a unique function f £ C(W ) fl 0(W°) such that f — f 
on W. Moreover, if \f\w < °° then 


\f(z,w)\ < |/| 


1—Lj(z,w) 

AxB 


I f \u{z,w) 

I J I W > 


(z, w ) £ W, 


where W, W°, and W denote the 2-fold cross, its interior and its wedge, respectively, 
associated to A, B, D, G. 


Theorem 1 admits various generalizations. The following result is announced by 
Gonchar in 0. 


Theorem 2. Let D, G C C be Jordan domains and A (resp. B) a nonempty open 
and rectifiable set of the boundary dD (resp. dG). Let f be a function defined on 
the 2-fold cross W with the following properties: 

(i) f\ W o£C(w°)no s (w°)- 

(ii) f is locally bounded on W\ 

(iii) for any a £ A (resp. b £ B), the holomorphic function /( a i ')Ig (resp. 
f(;b) \d) has the angular limit fi(a,b) at b for a.e. b £ B (resp. / 2 (a, ) at 
a for a.e. a £ A) and /i = fi = / a.e. on A x B. 

1) Then there is a unique function f £ 0{W°) such that 


_lim f(z,w) = f((,rj), 

(z,w)GW°, 


(Cv)£W°. 


2) If, moreover, \f\w < °°! then 


l/0,w)| < |/| 


1 — Ld(z,w) 
AxB 


\f\t M , 


(z,w) £ W°. 


3) If, moreover, f is continuous at a point (a, b) £ A x B, then 

_ lim f(z, w) = /(a, b). 

( z,w)€.W °, (z,w)—>(a,b) 


On the other hand, the following result due to Druzkowski ; 2] gives a different 
flavor. 


Theorem 3. Let D , G C C be Jordan domains and A (resp. B) a nonempty open 
connected set of the boundary dD (resp. dG). Let f be a function defined on W 
with the following properties: 

(i) f£C s (W)nO s (W°y, 

(ii) / is locally bounded on W; 

(iii) f\AxB is continuous on Ax B. 

Then all conclusions of Theorem 1 still hold. 
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Observe that all these theorems require the following very strong hypothesis: D 
and G are Jordan domains in C and A x B is an open set of dD x dG. Moreover, 
the assumptions on the boundedness and continuity of / are rather restrictive. 

A natural question is whether Theorems 1-3 are still true if D, G are open sets in 
complex manifolds of dimension 1 and the A (resp. B) is not necessarily an open set 
of dD (resp. dG). In addition, if one drops the hypothesis on the local boundedness 
and the continuity of /, can one obtain a holomorphic extension of / and what are 
its properties? These matters seem to be of interest, especially when one seeks to 
generalize Theorems 1-3 to higher dimensions. 

The present paper is motivated by these questions. Our first purpose is to gen¬ 
eralize Gonchar’s theorems to a very general situation, where D, G are, in some 
sense, almost general open subsets of complex manifolds of dimension 1 and where 
the boundary sets A, B are almost general subsets of dD, dG. Our second goal is to 
establish, in this general context, an extension theorem analogous to Druzkowski’s 
theorem with a minimum of hypotheses on /. 


3. Statement of the main results and outline of the proofs 


We are now ready to state our main result. 


Theorem A. Let X, Y be two complex manifolds of dimension 1, let D C A, 
G C Y be two open sets and A (resp. B) a subset of dD (resp. dG) such that D 
(resp. G) is Jordan-curve-like on A (resp. B) and that A and B are of positive 
length. Let f : W —> C be such that: 

(i) f is locally bounded on W and f G O s (W°)\ 

(ii) /|axb is Jordan-measurable; 

(iii) for any a G A (resp. b G B), the holomorphic function /(a, -)|g (resp. 
/(■>&) \d) has the angular limit fi(a,b) at b for a.e. b G B (resp. / 2 (a, 6) at 
a for a.e. a G A) and /i = fi — f a.e. on A x B. 

Then there exists a unique function / G 0(W° ) with the following property: 

1) there are subsets A C A 0 A* and B C B D B* such that the sets A \ A and 
B \ B are of zero length 1 and f admits the angular limit /(£,t/) at every point 

(C> v) G X°(A, B] D, G). 

In addition, f enjoys the following properties: 

2) If \f\w < oo, then 


\f( z , w )\ < I/I 


1—uj(z,w) 

AxB 


I cMz,w) 

\J \w > 


( z ,w ) g r. 


3) For any (ao,tco) G A* x G (resp. (zo,bo) G D x B*) if 

lim f(z,w)( A) (resp. lim f(z,w)(—: X)) exists, 

(z,w)—>(ao,wo), (z,w)eW (z,w)—>(zo,bo), (z,w)GW 

then f admits the angular limit A at (a 0 ,w 0 ) (resp. at (z 0 ,b 0 )). 

4) For any (a 0 ,b 0 ) G A* x B*, if lim /(a, &)(=: A) exists, then f 

(a,6)— >(ao,bo) (a,b)^AxB 

admits the angular limit A at (a 0 , b 0 ). 


1 Under this condition it follows from Part 1) of Theorem 14.til below that A C A* and B C B* 



PETER PFLUG AND VIET-ANH NGUYEN 


5) If f\ A x b can be extended to a continuous function defined on A* x B*, then 
f can be extended to a unique continuous function (still denoted by) f defined on 
W* := X(A* , B* ; D , G) and f admits the angular limit f((,rj) at every (£, 77 ) G W* 
and f 1 = f 2 = f on (AnA*) x (BHB*). 

Theorem A has an immediate consequence. 

Corollary A’. We keep the hypotheses and the notation of Theorem A. Suppose 
in addition that f G C(W°). Then the function f G 0{W °) provided by Theorem A 
admits the angular limit f (£, 77 ) at every point (C,v) e ((AflA*) x G)U(Dx (BOB*)). 

It is worthy to note that Theorem A and Corollary A’ generalize, in some sense, 
Theorems 1-3. 

Now we drop the hypothesis on local boundedness and continuity of /. Then 
the examples of Druzkowski in [2J (see Section 10 below) show that, without these 
conditions, the extended function / (if it does exist) is, in general, not continuous 
on W. However, our second main result gives a partially positive answer to this 
question. 

Theorem B. Let X, Y be two complex manifolds of dimension 1, let D C A", 
G C Y be two open sets, let A (resp. B) be a subset of dD (resp. dG) such that 
D (resp. G) is Jordan-curve-like on A (resp. B) and that A and B are of positive 
length. Let f : W —> C satisfy the following properties: 

(i) fUxB e C S (A x B) and f G O s (W°f 

(ii) for any a G A (resp. b G B), the function /(a,-) (resp. f(-,b)) is locally 
bounded on G U B (resp. DU A) and the (holomorphic) restriction function 
f(a, -)|g (resp. f(-,b)\o) has the angular limit f(a,b ) at b for every b G B 
(resp. at a for every a G A). 

Then there are subsets A C A n A* and B C BOB*, and a unique function f G 
0(W°) with the following properties: 

1) the sets A \ A and B\B are of zero length; 

2) f admits the angular limit /(£, rf) at every point (£, rf) G X(A, B\ D , G). 

Observe that if / G C S (W) fl O s (W°), then conditions (i)—(ii) above are fulfilled. 
Although our results have been stated only for the case of a 2-fold cross, they can 
be formulated for the general case of an A-fold cross with N > 2 (see also budi). 
Now we present some ideas how to prove Theorems A and B. 

Our method consists of two steps. In the first step we suppose that D and G are 
Jordan domains in C. In the second one we treat the general case. The key technique 
here is to use level sets of the harmonic measure. More precisely, we exhaust D (resp. 
G) by the level sets of the harmonic measure u(-,A,D) (resp. a;(•,£>, G)), i.e. by 
Ds := {z G D : u(z, A, D) < 1 — J} (resp. Gs '■= {w G G : u(w, B,G) <1 — 5}) 
for 0 < 6 < 1. 

In order to carry out the first step, we improve Gonchar’s method u u and make 
intensive use of Carleman’s formula and of geometric properties of the level sets of 
harmonic measures. 
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The main ingredient for the second step is a mixed cross type theorem (see also 
ms) valid for measurable boundary sets in the context of complex manifolds of 
dimension 1. We prove that theorem using a recent work of Zeriahi (see E>J) and 
the classical method of doubly orthogonal bases of Bergman type. 

In the second step we apply this mixed cross type theorems in order to prove 
Theorems A and B with D (resp. G) replaced by D$ (resp. Gg). Then we construct 
the solution for the original open sets D and G by means of a gluing procedure (see 
also P). 

4. Properties of the harmonic measure and its level sets 

In this section A is a complex manifold of dimension 1, D C X an open set, and 
A a nonempty Jordan-measurable subset of dD. Observe that then dD is non-polar. 

Let Vd be the generalized Poisson integral of D. If, in addition, A is a Borel set, 
then, by Theorem 4.3.3 of fTS], the harmonic measure of dD \ A is given by 

(4.1) uj(-, A, D) = V D [l d D\A]- 

The following elementary lemma will be useful. 

Lemma 4.1. Let E be the unit disc and A a measurable subset of dE. 

1) Let u be a subharmonic function defined on E with u < 1 and let a G (0, |) be 
such that 

limsup u(z) < 0 for a.e. £ G A. 

(, 26 A, (C) 

Then u < lu (•, A, E) on E. 

2) For all density points £ of A, 

7T 

lim u>(z, A, E) = 0, 0 < a < —. 

z —26-4 q (C) 2 

In particular, all density points of A are contained in A*. 

3) For all interior points £ of A, 

lim u(z, A, E) = 0. 

2^C 

Proof. It follows almost immediately from the explicit formula for Ve- □ 

Proposition 4.2. (Maximum Principle) Let u G SH(D) be such that u is bounded 
from the above and 

lim sup u(z) < 0, 

*-C 

limsup u(z) < 0, 

2 26 ARC) 

Then u < 0 on D. 

Proof. Suppose that u < M for some M. Let £o be an arbitrary point of A. Fix 
a Jordan domain U such that U C D and dU fl dD is a closed arc which is a 


£ G dD \ A, 

7r 

£ G A, 0 < a < -. 
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neighborhood of Co in dD. Let B be an open arc in dU D dD which contains Co- Part 
1) and Part 3) of Lemma ETH applied to u\u yield that 

lirnsup u(z) < M ■ limsup u(z, B,U) — 0, C £ B. 

z—z£U z—>£, Z &U 

Since Co £ B and Co is an arbitrary point of A, we deduce that 

limsup u(z) <0, C ^ -4. 

z— z£D 

Combining this with the hypothesis, the desired conclusion follows from the classical 
Maximum Principle (see Theorem 2.3.1 in jT3]). □ 

In the sequel we formulate some important stability property of the harmonic 
measure. Let 0 : dD —* R be a bounded function. The associated Perron 
function Hd,a '■ D —> R. is defined by 

(4.2) H d<a [4>] := sup it, 

u&U 

where U — U(0, A, D ) denotes the family of all subharmonic functions u on D such 
that 

limsup u(z) < (?>((), ( E dD \ A, 

7r 

lim sup u(z) < 0(0, Ced, 0 < a < 

zeA a (0 ^ 

In the sequel, U(A, D) will stand for U(1qd\a, A, D). 

Using the above proposition, the corresponding results in Sections 4.1 and 4.2 
of m with respect to H D a (instead of H D ) are still valid making the obviously 
necessary changes. In particular, we have the following (see Corollary 4.2.6 in El): 

Proposition 4.3. Let D be an open subset of X, A a nonempty Jordan-measurable 
subset of dD, and 0 : dD —> M a bounded function which is continuous nearly 
everywhere 2 on dD. Then there exists a unique bounded harmonic function h on D 
such that lim h(z) = 0(0 for nearly everywhere C £ dD. Moreover, h = H D [0] = 

HdA0)- 

In virtue of this result, Theorem 4.3.3 in El is still valid in the context of H^ a- 
More precisely, 

Proposition 4.4. Let D be an open subset of X, A a nonempty Jordan-measurable 
subset of dD, and 0 : dD —» M a bounded Borel function. Then Hd[0] — 
H d> a[0] — B d [0\- 

In the special case X := C we can say even more. 

Proposition 4.5. Let D be a proper open subset of C. Let A be a nonempty Borel 
subset of dD such that D is Jordan-curve-like on A and A is of zero length. Then 
Vd[1a] = 0 on D. 

2 A property is said to hold nearly everywhere on dD if it holds everywhere on dD \ Af for some 
Borel polar set A f. 
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Proof. Suppose without loss of generality that D is Jordan-curve-like on the interval 
[0,1] C dD and that A is a Borel subset of [0,1] with mes(A) = 0. Since D C C\[0,1], 
it follows from the Subordination Principle that 

Vd\\a\ < A\[o,i][1a] on D. 

Therefore, it suffices to show that 'Pc\[o,i][1a] = 0 on C\ [0,1]. To this end consider 
the conformal mapping $(z) := \J\~ 1 which maps C U {oo} \ [ 0 , 1 ] onto HI : = 
{zfC: Im ^ > 0} . It is not difficult to show that 

A:\[o,i][1a] = A[1$(A)] ° 1 = 0. 

This concludes the proof. □ 

Now we arrive at one of the main results of the section 

Theorem 4.6. Let D be an open subset of X, A a nonempty Jordan-measurable 
subset of dD, and Af a Jordan-measurable subset of dD which is of zero length. 

1) Then A* is a Borel set and (A*)* = A* and (A \ Af)* = A* and A \ A* is of zero 
length. 

2) If A is a Borel set then u(z, A, D) = Hd,a[18d\a] for z e D. In particular, 
w(z,A*,D) = H Di A*[ldD\A*} = H D ,(AnA*)\M [l9D\[(AnA*)\A/”]] = oj(z,A,D), z G D. 

3) If X = C then u>(z, A, D) = iv(z, A \ Af, D) = uj(z, A *, D). 

Proof. Part 1) can be checked using the definition and Le mm a f4.il 
Part 2) is an immediate consequence of Proposition 14.41 and Part 1). 

Now we turn to Part 3). Choose two Borel sets Ai, A 2 so that A\ C A \ Af and 
A C A 2 C dD and A 2 \ A\ is of zero length. Then we conclude by the Subordination 
Principle and Proposition 14.51 that 

u(z, A 2 , D) < u(z, A, D) < c j(z, A \ Af, D) < iv(z, Ai, D) = u(z, A 2 , D), z e D. 

This proves the first identity. 

Since A* is, by Part 1), a Borel set, Part 2) gives that 

u>(z, A*, D) = Hd,A* [1(9D\A*] • 

Consequently, u(z, A, D) < u(z, A*, D),z G D. On the other hand, let B be a Borel 
set such that B C A n A* and A \ B is of zero length. Then 

uj(-,A, D) = u>(-, B, D) = H d b [Iq D \ b } > H D A*[IdD\A*] = w( m , A*, D) on D. 

Combining the above estimates, the proof of the last identity in Part 3) follows. □ 

Proposition 4.7. Let D be an open subset of X and A a nonempty Jordan- 
measurable subset of dD. Let (Dk)™ =1 be a sequence of open subsets D * of D and 
(Ak)™ =1 a sequence of Jordan-measurable subset of dD which are also subsets of A 
such that 

(i) D k C D k+ 1 and U£Li Ac = A 

(ii) A k c A k+ i and A k C dD fl dD k and D k is Jordan-curve-like on A k and 

ur=iA = A 
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(iii) for any point ( G A there is an open neighborhood V = 
that V fl D —V D D k for some k. 


Then 


u(z,A*,D)= lim uj(z, A* k , D k ), zeD. 

k—>oo 


of C in C such 


Proof. Using the Subordination Principle it is easy to see that the sequence 
(u;(-, A* k , D k ))'£L 1 is decreasing and the following limit 

u := lim u(-, A* k , D k ) 

k—>oo 

exists and defines a subharmonic function in D. By the Subordination Principle 
again, we have u > u>(-, A*, D). Therefore, it remains to establish the converse 
inequality. In virtue of (i)-(iii), we conclude that 

(4.3) sup lim sup u — 0, C 6 B, 

o<a<§ z-><, zeA*(C) 

where B := U£Li A l, 

OO 

On the other hand, since ( A fl A*) \ B C (J (A k \ A k ), Part 1) of Theorem 14.61 

k=l 

implies that (A fl A*) \ B is of zero length. Consequently, we deduce from (14.3|) 
and Part 2) of Theorem 14.61 that u(z) < u(z,A*,D), z G D. This completes the 
proof. □ 


Next, we introduce a notion which will be relevant for our further study. 


Definition 4.8. Let D,G C X be two open sets such that G C D and let f be a 
point in dD such that D is Jordan-curve-like at f. Then the point ( is said to be an 
end-point of G in D if, for every 0 < a < there is an open neighborhood U = U a 
of ( such that U n*4. a (C) C G. The set of all end-points of G in D is denoted by G D . 

It is worthy to remark that the above definition is intrinsic. 

The remaining part of this section is devoted to the study of level sets of the 
harmonic measure. We begin with the following important properties of these sets. 


Theorem 4.9. Let D C X be an open set and A a Jordan-measurable set of dD 
such that A is of positive length. Then, for any 0 < e < 1, the “e-level set” 

D e {z G D : u(z, A*, D) < 1 — e} 

enjoys the following properties: 

(i) Let G\, G *2 be arbitrary distinct connected components of D e , then = 

0 . 

(ii) For any point ( G A*, there is exactly one connected component G of D t such 
that £ G G D . 

(iii) G D fl A is Jordan-measurable (on dD) and of positive length for every con¬ 
nected component G of D e . 

Proof. To prove (i), suppose, in order to reach a contradiction, that Gf fl Gif 0 . 
Fix a point Co £ GfnGf. Then, for every 0 < a < |, there is an open neighborhood 
U a of Co such that - 4 Q (C) H U a C G\ fl G2. This implies that G\ fl G2 7^ 0. Hence, 
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Gi = G 2 , which contradicts the hypothesis that G\ ^ G 2 - The proof of (i) is 
complete. 

Next, we turn to the proof of (ii). Fix a Co £ A*. In virtue of assertion (i), it 
suffices to show the existence of a connected component G of D e such that Co £ G D . 
Since C G A*, for every 0 < a < |, there is an open neighborhood U a of Co such 
that 


(4.4) A*(Co) nu a c D e . 

Fix an arbitrary 0 < a 0 < §, and let G be the connected component of D e containing 
Aio(Co) FI U ao . Since 

(A, 0 (Co) n t/ ao ) n (a,(C o) n c/ Q ) ^ 0, 0 < a < |, 

we deduce from El that G also contains A*(Co) C U a for every 0 < a < |. Hence 
Co € G D . The proof of (ii) is finished. 

Finally, we prove (iii). First, we may find a sequence {Uk)kL\ of open sets of X such 
that Uk fl D is either a Jordan domain or the disjoint union of two Jordan domains 

OO 

and A C (J <9(t4 fl D). Since A is Jordan-measurable, we see that in order to prove 
fc=1 

the Jordan-measurability of G D fl A, it is sufficient to check that G D fl d(D fl Uk) is 
Jordan-measurable for every k > 1. To prove the latter assertion, fix an ko > 1 and 
let U := Uk 0 - Let $ be a conformal mapping from D fl U onto E which extends to 
a homeomorphic mapping (still denoted by) $ from D fl U onto E. It is clear that 
for any ( £ d(D fl U), ( £ G D if and only if <F(C) G [$(G fl U)] E . We shall prove, in 
the sequel, that [ < L(G' fl U)) E is a Borcl subset of dE. Taking this for granted, then 
G D D d(D fl U) is also a Borel set. Consequently, G D fl A is Jordan-measurable. 

To check that [$(G fl (7)] £ is a Borel set, put 

(4.5) Anmiv) l w £ E fl Ar,_i \ Arj) : \w — r)\ < — 1 , n, m > 1, r/ e dE. 

y \ L n) 2 m J 

For any n,m,p > 1, let 


(4.6) T nmp := \ rj £ dE : ]) C <F(G fl U) and 


cj(4> 1 (za), A*, D) < 1 — e- ,\/w £ A nr 

P 


We observe the following geometric fact: 

Let r/ o £ dE and ( r] q ) ( X 1 C dE such that lim rj q = r/ 0 . Then 

1 q—>oo 


OO 

An.mijlo) C [^J An,mij]q) • 
q =i 


The proof of this fact follows immediately from the geometric shape of the cone 
A n , m (rj) given in El- 
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Let {rj q )TL 1 C T nmp such that lim r) q = rj 0 G BE. Using the above geometric fact, 

we see that A n .m(rio) C $(G D U ). This, combined with (14.(ill and the continuity of 
w( < f )_1 (-), A, D)\ e , implies that r/ 0 G T nmp . Hence, the set T nmp is closed. Clearly, we 
have 

OO OO OO 

[*(G n U)} E = f| u U T »”P 

n= 1 m= 1 p=l 

It follows immediately from this identity that [$(G fl U)] E is a Borel set. Conse¬ 
quently, as was already discussed before, G D fl A is Jordan-measurable. 

To finish assertion (iii), it remains to prove that G E fl A is of positive length. 
Suppose, in order to reach a contradiction, that G E fl A is of zero length. Consider 
the following function 


u{z,A*,D), z E D\G 
1 — e, z G G 


Then clearly u G STC(D) and u < 1. In virtue of assertions (i) and (ii) and the 
definition of locally regular points, we have that 

sup limsup u(z) = sup limsup u(z,A*,E)= 0, £ G (AnH*)\(G D nH) 

0<«<f z->c, zeAc(C) 0<o<| 2 ->(, zeA a ( C) 

Consequently, using the notation in (E3h we conclude that 

u G U {(A n A*) \ TV, D ), 

where J\f := G D fl A. Since, by our above assumption, A f is of zero length, it 
follows from Theorem 14.hi that u < u(-,A*,D). But on the other hand, one has 
u(z,A*,D) < 1 — e = u(z) for z G G. This leads to the desired contradiction. 
Hence, the proof of (iii) is finished. □ 


Theorem 4.10. Let D C X be an open set and A a Jordan-measurable set 
of dD such that A is of positive lenqth. For any 0 < e < 1, let D e := 
{z G D : u>(z, A*, D) < 1 - e} . 

1) For any Jordan-measurable subset A f C dD of zero length, let 


U e (A,J\f, D) : = 


< u G SH(D e ) : u < 1 and sup limsup u(z) <0, £ G {A fl A*) \ A f 
[ 0<a<§ z^(, zeA*(C) 

Then U e (A,Jf, D ) = U e (A, 0, D). 

2) Define the “harmonic measure of the e-level set” u> e (-, A, D) as 


Then 


u; e (z,A,D) 


sup u(z), 

UGU e (A,0,D) 

0, 


z G D e 
z £ A* 


u(z, A*, D) 


iv e (z,A,D) 


1 — e 


z G D e U A*. 
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Proof. Clearly, by definition, U e (A,0,D) C U e (A,Af, D). To prove the converse 
inclusion, fix an arbitrary u G U e (A,Af, D ). Consider the following function 

max {(1 — e)u(z),uj(z, A*, D)} , z G D e 
oj(z,A*,D), zED\D e 

Then u G S7i{D) and u < 1. Moreover, in virtue of (ii) of Theorem 14.91 we have 
that A* C ( D e ) D . Consequently, for every ( G {A D A*) \ AC, 

(4.7) sup limsup u(z) 

0<CK< 5 2—>C: 2£A*(C) 

< max < sup limsup u(z), sup limsup u)(z,A,D) 
[o<a<§ z^C, zeAi(C) 0<a<f zeA a ( C) 

Observe that the first term in the latter line of ®~7D is equal to 0 because u G 
U e (A,Af, D ). In addition, the second term in the latter line of (14.71) is also equal to 
0. Hence, u G U ((A D A*) \ A f,D). Consequently, by Theorem 14.61 u < co(-, A* : D ). 
In particular, one has 

(4.8) u(z) < U ( Z ^’ D \ z G D, ueU e (A,Af,D). 

On the other hand, it is clear that g U e (A,0,D) C U e (A,Af,D). This, 

combined with implies the desired conclusions of Part 1) and Part 2). □ 

An immediate consequence of Theorem 14.1 01 is the following Two-Constant The¬ 
orem for level sets. 

Corollary 4.11. Let D C X be an open set and A, J\f two Jordan-measurable 
subsets of dD such that A is of positive length and M is of zero length. Let 0 < e < 1 
and put D e {z G D : ta(z, A*, D) < 1 — ej . If u G S7i(D e ) satisfies u < M on 
D e and sup limsup u(z) < m, ( G (Afl A*) \Af, then 

0<CK< ^ Z — ZGAa( C) 

u(z) < m( 1 — u> e (z, A, D)) + M ■ u e (z , A, D). 

5. Boundary behaviour of the Gonchar-Carleman operator 

Before recalling the Gonchar-Carleman operator and investigating its boundary 
behavior, we first introduce the following notion and study its properties. 

5.1. Angular Jordan domains. Let E be the unit disc. We begin with the 

Definition 5.1. For every closed subset F of dE and any real number h such that 
rnes(F) > 0 and sup x yeF \x — y\ < h < 1 — the open set 

12 = Q(F, h ) := [J {z G A|(C) : \z\ > 1 — /i} 

C eu 

is called the angular Jordan domain with base F and height h. 

Now we give a list of properties of such angular Jordan domains. 








16 


PETER PFLUG AND VIET-ANH NGUYEN 


Proposition 5.2. Let = Ll(F, h ) be an angular Jordan domain. 

1) Then there exist exactly two points Ci, C 2 £ F such that |Ci — C 2 I = sup T , y eF \ x ~u\ 
and F C [Ci ? C 2 ], where [Ci ? C 2 ] is the (small) closed arc of dE which is oriented in 
the positive sense and which starts from £i and ends at ( 2 . 

2) Write the open set [Ci, C2] \ F as the union of disjoint open arcs 


where ( aj,bj ) is the (small) open arc of dE which goes frorn aj to bj and which is 
oriented in the positive sense, and the index set J is finite or countable. 

For j £ J, we construct the isosceles triangle with the three vertices aj, bj and Cj 
such that the base of the isosceles triangle is the segment connecting aj to bj, and Cj 
satisfies 


arg 


Cj aj 


3n 

= — and 
4 


arg 


c j bj 


Let [aj,Cj\ (resp. [c 3 , bf) denote the segment connecting aj 
connecting Cj to bj). Put 


—3n 

to Cj (resp. the segment 


F 0 := FU U([ajCj] U [ Cj bj]). 
j&J 


Then F 0 is a rectifiable Jordan curve starting from Ci and ending at ( 2 . 

3) Let rji (resp. r/ 2 ) be the unique point in the circle <9B(0,1 — h) such that 


arg 


Vi - Ci 
Ci 


-3n 


resp. arg 


V 2 - C2 
C2 


37T\ 

t) 


and that \r]i — (resp. \rj 2 — ( 2 \) is minimal. Let F\ (resp. F 2 ) denote the segment 
connecting r/i to Ci (resp. the segment connecting ( 2 to r)- 2 ). Let F 3 be the (small) 
closed arc of the circle cffi(0,1 — h) which starts from g 2 and ends at r/i and which 
is oriented in the negative sense. 

Then Q is a rectifiable Jordan domain and its boundary T consists of the rectifiable 
Jordan curve F 0 , two segments F\, F 2 and the closed arc F 3 . 
f) For every e £ (0, |) define the dilatation r e : E —> E as follows 

r e (z) := (1 — e)z, z £ E. 


Put 

a := r e (fi) \ B (0, (1 + e)(l — h)). 

Then is a rectifiable Jordan domain and its boundary r e consists of the rectifiable 
Jordan curve F 0e := t € (F 0 ), a sub-segment F\ e of t € (Fi), a sub-segment F 2e of T e (F 2 ), 
and a closed arc F 3e of d B (0, (1 + e)(l — h )). 

5) Consider the projection r : E \ {0} —» dE given by t(z) A, z £ E \ {0}. 

For every e £ (0, |) notice that F 0e U F 3e U F 2e = r e \ <9B (0, (1 + e)(l — h )). Then 
the two maps 

Foe U F\ e U F 2t 3 £ 1 —»• r(C) G dE, 

Fzt 3 C ^ t(C) £ dE, 
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are one-to-one. In addition, for any linearly measurable subset A ofT e , 

mes(A) < 10 ■ mes(r(A)). 

6) Ft e /* Ft as e \ 0. 

1) For any closed Jordan curve C contained in Ft there is an e > 0 such that C C O e . 
8) mes (F \ Ft E ) = 0. 

Proof. All assertions are quite simple using an elementary geometric argument. 
Therefore, we leave the details of their proofs to the reader. However, we will 
give the proof that O is a domain. This proof will clarify Definition 15. II 

In virtue of the condition on F and h given in Definition 15.11 we see that 
{zeA«( C): \z\>l-h},CedE, is connected, and that 

{z G Az(() : \z\>l 

Hence, D is a domain. 

Theorem 5.3. Let X be a complex manifold of dimension 1, D C X an open set and 
A a Jordan-measurable subset of dD such that A is of positive length. Then, for any 
0 < e < 1 and any connected component G of D e := {z G D : u(z, A *, D) < 1 — e} , 
there are an open set U G X, a conformal mapping d> : E —> X, and an angular 
Jordan domain Ft = Fl(F , h) such that 

(i) UnD is either a Jordan domain or the disjoint union of two Jordan domains; 

(ii) $ maps E conformally onto one connected component of UnD (notice that, 
in virtue of (i), UnD has at most two connected components); 

(iii) $(F) cAnA*nG D and $(fi) C G. 

Proof. We have already shown in the proof of (iii) of Theorem 14.91 that there is a 
sequence (£4)fcli of open sets of X such that £4 H D is either a Jordan domain or 

OO 

the disjoint union of two Jordan domains, and A C IJ <9(£4 H D), and A D A* n G D 

k =1 

is of positive length. Consequently, there is an index k 0 such that 

(5.1) (^A fl A* fl G d fl d(D n U) j is of positive length, 

where U := £4 0 . Suppose without loss of generality that U fl D is a Jordan domain. 
The remaining case where U fl D is the disjoint union of two Jordan domains may 
be proved in the same way. Let $ be a conformal mapping from E onto DnU. By 
Caratheodory Theorem (see 3|), $ extends to a homeomorphic map (still denoted 
by) $ from E onto DnU. Hence, (i) and (ii) are satisfied. 

On the other hand, it follows from (EH) that 

(5.2) mes (V 1 (AnA*nG°n d(D D U)) ) > 0. 

For any m > 1, let 

(5.3) := {rjedE : A 2 , m (v) C <f> -1 (G)} , 


h] fl {z G Ajl( 7]) : \z\ > 1 — h] ^ 0, 


VC, V £ dE : |C - 77 1 < h < 1 - 


□ 
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where is given by formula (14.51) . 

Using the Geometric fact just after (USD, we see that A m is closed. On the other 
hand, it is clear that 

OO 

(dnd*nG fl n d(D n u)) c (J A m . 

m=l 

Therefore, in virtue of (E2h there is an index uiq such that 

mes (A mo n $- 1 (AnA*nG D n d(D n U)) ) > 0. 


Put h := By the latter estimate one may hnd a closed set F contained in 
A mo fl <h _1 [A fl A* fl G D n d(D n U )) such that mes(F) > 0 and sup \x — y\ < h. 

x,y£F 

Since h = A^. a geometric argument shows that 

(z£A f (C): \z\>l-h} cA 2 , mo {0, (edE. 


This together with (15.31) implies that O = Q(F, h) C <f> 1 {G). Hence, (iii) is verihed. 
This completes the proof. □ 


In the sequel, the following uniqueness theorem will play a vital role. 

Theorem 5.4. Let X be a complex manifold of dimension 1, D C X an open 
set, and A, A f two Jordan-measurable subsets of dD such that A is of positive 
length and A f is of zero length. Let 0 < e < 1 and G a connected component of 
D e \= {z £ D : uj(z, A* , D) < 1 — e} . If f £ 0{G) admits the angular limit 0 at 
every point of (A D A* fl G D ) \ J\f, then f = 0. 

Proof. Applying Theorem 15.31 we obtain an open set U in X, a conformal mapping 
$ from E onto DP\U which extends homeomorphically to E, and an angular Jordan 
domain := Ll(F, h ) satisfying assertions (i)—(iii) listed in that theorem. 

Consider the function /o<f> : H —» C. By the hypothesis, /o<J> £ 0{LI) admits the 
angular limit 0 at a.e point in F. Since rnes(F) > 0, Privalov’s Uniqueness Theorem 
(see i) gives that / o <J> = 0 on U. Hence, / = 0 on the subdomain 4*(H) of G. This 
proves / = 0 . □ 


5.2. Main result of the section. Let D , G C C be open discs and let A (resp. 
B) be a measurable subset of dD (resp. dG) with mes (A) > 0 (resp. mes(H) > 0). 
Let / be a function defined on W := X(A, B ; D, G) with the following properties: 

(i) /|AxB is measurable and there is a hnite constant C with \f\w < G\ 

(ii) / € o.(r); 

(iii) there exist two functions fi, f 2 ■ AxB —> C such that for any a £ A 
(resp. b £ B), /(a, ■) (resp. /(-, b )) has the angular limit fi(a, b ) at b for a.e. 
b £ B (resp. f 2 (a, b) at a for a.e. a £ A), and fi = f 2 = f a.e. on AxB. 

Let a;(•, A, D) (resp. u)(-, B , G)) be the conjugate harmonic function of u(-, A, D ) 
(resp. cj(-,B,G) ) such that Cj{zq,A,D) = 0 (resp. u)(w 0 , B,G) = 0) for a certain 
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fixed point Zq £ D (resp. wq G G). Thus we define the holomorphic functions 
g±(z) := u>(z, A, D) + ioj(z, A , D), g- 2 {w) cu(w, B , G) + iu)(u>, B, G), and 


g(z,w) \= gi(z) + g 2 (w), (z,w) G D x G. 


Each function e~ 91 (resp. e -92 ) is bounded on D (resp. on G). Therefore, in 
virtue of [J, p. 439], we may define e -91 ^ (resp. e _92( ^) for a.e. a G A (resp. 
b G B) to be the angular boundary limit of e -91 at a (resp. e -92 at b ). 

In virtue of (i), for each positive integer N, we define the Gonchar-Carleman 
operator as follows 
(5.4) 


K n (z,w) = K N [f](z, w) := 

\iT\%y 


-N(g{a,b)-g(z,w)) /(°i fydadb 

(a — z){b — wY 


(z, w) G DxG. 


AxB 


We recall from Gonchar’s work in jS] that the following limit 
(5.5) K(z,w) — K[f](z, w) := lim Kn(z,w) 

V—>oo 

exists for all (z,w) G W°, and its limit is uniform on compact subsets of W°. 


The boundary behavior of Gonchar-Carleman operator is described below. 

Theorem 5.5. We keep the above hypothesis and notation. Let 0<5<1, wgG 
be such that u(w, B,G) < 5 , and let U be any connected component of 

D$ {z G D : u ;(z, A, D) < 1 — 5} . 

Then there is an angular Jordan domain = Q(F, h) such that hi C U, F C 
A fl A* D U D , and the Gonchar-Carleman operator K[f ] (see formula 
above) satisfies 

7r 

lim K[f](z,w) = f(a,w), 0 < a < -, 

z—>a, z£Aoc(cl) Z 

for a.e. a G F. 

The proof of this theorem will be given in Subsection 5.4 below. 


5.3. Preparatory results. For the proof of Theorem 15.51 we need the following 
results. 

In the sequel, for every function / G L 1 (dE, |d£|), let C[f] denote the Cauchy 
integral 


For a function F : E 
defined by 


C[f](z) := — 
’ 2m 


8E 


fiQdC 
z-C ’ 


z e E. 


C, the radial maximal function M rac j F : 


dE 


[0, cxd] is 


(M rad F)(C) := sup |F(rC)|, C € dE. 

0<r<l 


Now we are able to state the following classical result (see Theorem 6.3.1 in Rudin’s 
book JHJ 
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Theorem 5.6. (Koranyi-Vagi type theorem) There is a constant C > 0 such that 

j |M rad e[/](c)| 2 KI <cj |/«)| 2 KI 

dE dE 

for every f G L 2 (dE , |). 

We recall the definition of the Smirnov class E p , p > 0, on rectifiable Jordan 
domains. 

Definition 5.7. Let p > 0 and hi a rectifiable Jordan domain. A function f G 0(LI) 
is said to belong to the Smirnov class E p (Ll) if there exists a sequence of rectifiable 
closed Jordan curves (C n )^ =1 in tending to the boundary in the sense that C n 
eventually surrounds each compact subdomain of Li, such that 


|/(z)| p |ofo| < M < oo, 


n > 1 . 


Next, we rephrase some facts concerning the Smirnov class E p , p > 0 on rectifiable 
Jordan domains in the context of angular Jordan domains Ll(F, h ). 

Theorem 5.8. 1) Let LI be a rectifiable Jordan domain. Then every f G E p {Ll) 
(p > 0) admits the angular limit f* a.e. on dLl. 

2) Let := Ll(F, h ) be an angular Jordan domain and let T := di1. For any 0 < e < 
7 , let r e be the rectifiable closed Jordan curve defined in Part f) of Proposition HOI 
Then f G E p (Lt) if sup f \f(z)\ p \dz\ < oo. In addition, for an f G E p (Ll), p > 0, 

it holds that 


o<e<f r £ 


\F(z)\ p \dz\ < sup / \f(z)\ p \dz\. 


0<e <7p 


3) Every f G E l (E) has a Cauchy representation f := C[f* 
L 1 (dE , \dz\) and 


Conversely, if g G 


z n g(z)dz = 0 , n = 0 , 1 , 2 ,..., 


dE 


then f := C[g\ G E l (E) and g coincides with f* a.e. on dE. 

Proof. For the proof of Parts 1) and 3), see jlj p. 438-441], Taking into account 
Parts 6) and 7) of Proposition 15.21 Part 2) also follows from the results in [41 p. 
438-441], Hence, the proof is complete. □ 

5.4. Proof of Theorem 15.51 We fix w 0 G G and 0 < J 0 < 5 with iv(w 0 , B, G ) < J 0 
and an arbitrary connected component U of D$ := {z G D : oo(z, A, D) < 1 — J} . 
Applying Theorem 15.31 we may find an angular Jordan domain := Ll(F,h ) C U 
such that F C A n A* n U D . In the course of the proof, the letter C will denote a 
positive constant that is not necessarily the same at each step. 
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Applying Carleman Theorem (see, for example, |TJ p. 2 ]), we have 


f(z,b) = lim — 

iV—>oo ZTTl 


d -n( 9 i ( a)— gi ( Z )) f(a,b)da 


z e D, b e B, 


A 

f(a,b) = lim f(ra,b ), a G <9.D, b^B. 

r—>1— 

Consequently, f\dDxB is measurable. In addition, by (iii) this function is bounded. 
Therefore, for every N G N we are able to define the function iC 0 O> jv(-, Wq) : dD —» 


C, 

(5.6) Kqq N (a, iu 0 ) := r f a G dD. 

2m J b — wq 


B 

Since, in virtue of (ii)-(iii), /(a, •) G 0(G) and | f(a, -)\g < C for a G A, it follows 
from Carleman Theorem that 


(5.7) lim K OQ ^ N (a, w 0 ) = /(a, w 0 ), a G A, 

N —>00 

and the above convergence is uniform with respect to a G A. 

On the other hand, by (15.61) we see that A" OCjA r(-, w 0 ) is measurable and bounded. 
In addition, for any n — 0, 1, 2,..., taking (ii) into account, we have that 

f 1 f / f \ p N(g 2 (w 0 )- g2 (b)) ]i 

I Koo,N(a,w 0 )a n da = — J [I f(a,b)a n daj - —— -- = 0, 

dD B dD 

where the first equality follows from an application of Fubini’s Theorem and the 
second one from an application of Part 3) of Theorem 15.81 to /(•,£>), b G B. Con¬ 
sequently, in virtue of Part 3) of Theorem 15.81 we can extend 77 0 O; jv(-, w 0 ) to D by 
setting 

(5.8) K^frwo) :=C[ J RT 00 jJV (-,i£7o)](^) = f K °°’ N ^ Wo)da , z e D. 

Ztvi I CL — z 

dD 

Then the following identity holds 

7T 

(5.9) lim K OOjN (z,w 0 ) = K^^a, w 0 ), 0 < a < -, 

z^a, z€Aa(a.) 2 

for a.e. a G dD. 

Now we come back to the angular Jordan domain fh We keep the notation 
introduced in Proposition 15.21 For any 0 < e < ^ and any z G r e , applying the 
Cauchy integral formula, we obtain 


(5.10) K oc>n (z, w 0 ) - K n (z, w 0 ) 


(2niy 



dD\A B 


2 N( gi (z)- gi (a))+N( q 2 (wo)-c, 2 (b)) /( a > b)dadb 

(a - z)(b- w 0 ) 

= e N( gi (z)-(i-t)) f PN(a)da ' 


a — z 


dD 
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Using the choice of U and the hypothesis on 5 and h 0 , it can be checked that 

(5.11) [ e -Y(s i( -)-( 1 -<b ) | [/ < 1> \p N \ dD <Ce- N ^- 5 °). 

Therefore, recalling the projection r : E\ {0} —> dE (see Part 5) of Proposition 
15.21) , we estimate 


(5.12) \K OOtN (z,w 0 )-K N (z,w 0 )\ 2 \dz\<C M iad C\p N ](r(z )) \dz\ 


r e 

< 10C 


M rad C[p N ](a) \da\ + 10C / M iad C\p N \(a) \ da 


T{F 0 eUFuUF 2 e) 


r(F 3e ) 


< 20C 


M iad C\p N ](a) \da\ < C / \p N (a)\ 2 \da\ < Ce~ N ^\ 


dE 


dE 


Here the hrst estimate follows from (Onp - (|CTD and the definition of the radial 
maximal function, the second and the third one are consequences of Part 5) of 
Proposition 15.21 the fourth estimate holds by an application of Theorem 15.01 and 
the last one follows from «nu). 

On the other hand, for any 0 < e < 4, 


(5.13) J \K N+1 (z,w 0 ) - K N (z,w 0 )\ 2 \dz\ 
r e 

<2 J \A N (z,w 0 )\ 2 \dz\ + 2 j \B N (z,w 0 )\ 2 \dz\ <Ce~ N{ - s ~ s °\ 
r e r £ 

where An and B jy are given by formula ( 6 ) in jlj and the latter estimate follows 
from the same argument as in the proof of (15. 10D— (15. 121). We recall from that 

lim K n (z,w 0 ) = K(z,w 0 ), z E T e . 

N —>oo 

This, combined with dEEMnni), implies that 

(5.14) J \ KoOtN (z,w 0 ) - K(z,w 0 )\ 2 \dz\ < C ■ e~ N(S ^ 5o) , 0 < e < ^. 

r e 

Since we have already shown that |/T 00 ) v(-, wo)\d < oo, in virtue of Part 2 ) of 
Theorem 15.81 we deduce from (15.141) that K(-,w 0 )|q E E 2 (Q). For every a E dD , let 
K(a,w 0 ) denote the angular limit of K(-,wq )|q at a (if the limit exists). It follows 
from (15.141) and Part 2) of Theorem 15.81 that 


lim 

N— KX) 



r 


^oo,jv(a,w 0 ) - K(a, iu 0 )\ 2 \da 


< sup / |/Too jv(u Wo) — K (z, w 0 )\ 2 \dz\ < lim C-e N( - 5 ^ = 0 . 
0 <e<|/ e ’ N ^°° 
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This, combined with (15.71) and Part 8 ) of Proposition 15.21 implies finally that 

K(a,wo) = /(a, wo), for a.e. a G F. 

Hence, Theorem EH has been proved. □ 

6 . Proof of Theorem A for the case where D and G are Jordan 

DOMAINS 

Using an exhaustion argument, a compactness argument and conformal mappings, 
the case where D and G are Jordan domains can be reduced to the following case: 
We assume that D = G = E, and \ f\w < 1- (*) 

Using hypotheses (i)-(iii) and (*), we may apply Theorem 15.51 and obtain a func¬ 
tion K[f] G 0(W°). Consequently, we are able to define the desired extension 
function / as follows 

In this section we will use repeatedly Part 3) of Theorem I4.fi! 

w(-,A,fi) = w(-,A*,0), 

where fl C C is an open set and A is a Jordan measurable subset of <9fl. 

The remaining part of the proof is divided into several steps. 

Step 1: Proof of the estimate 

\f\w° - \ f\w- 


Proof of Step 1. Let (zo,wo) be an arbitrary point of W°. Then we may find an 
5 G (0,1) such that 0 < u(w 0 , B, G) < 5 < 1 — u(zq, A, D ). Let U be the connected 
component of D$ := {z G D : u(z,A,D) < 1 — <5} that contains Zq. By Theorem 
15.31 we may find an angular Jordan domain := Q(F, h) contained in U such that 
F C A fl A* fl U D . In addition, for every N G N, applying Theorem 15.51 to the 
function f N , we obtain the function K[f N ] G 0(W°) with the following property 


lim K[f"](z, w 0 ) = /(a, w 0 ) 

z^a, z£A a (a) 


N 


IT 


bm , . {K[f](z,w 0 )) , 0 < a < -, 

z^-a, z£Aa(a) Z 


for a.e. a G F. 

Consequently, an application of Theorem 15.41 gives that 

K[f N ](z 0 ,w 0 ) = (K[f](z 0 ,w 0 )) N , N G N, 

Since (^o, Wo) *= W° is arbitrarily chosen, it follows from the latter identity that 

(6.1) K[f N ](z,w) = (K[f](z,w)) N , JVgN, ( z,w)eW °. 

Now we are able to conclude the proof in the same way as in j3 p. 23]. More 
precisely, taking into account (EH), one gets that 


\f N (z,w)\ < \K[f N ](z,w)\ < 


N I 


C\f\ N 


w 


(1 — |z|)(l — |w|)(l — e~( 1 ~ UJ ( z ’ w '>')) 


, (z,w) G 1U C 
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Extracting the iVth roots of both sides and letting N tend to oo, the desired estimate 
of Step 1 follows. □ 

Step 2 : We shall prove that f is the unique function 0(W°) which verifies Property 

V- 

Proof of Step 2. First we show that the function / satisfies Property 1). Without 
loss of generality, it suffices to prove that there is a subset B of B fl B* such that 
mes(.B) = mes(.B) and / admits the angular limit / at every point of D x B. 

For any a G A put 

B a := {b G B : f(a , •) has an angular limit at b} . 

By hypothesis (iii), we have mes(h> a ) = mes (B), a G A. Consequently, applying 
Fubini’s Theorem, we obtain that 

j mes(5 0 )|da| = mes(A) mes (B) = J mes ({a G A : b G B a }) \db\. 

A B 

Hence, 

(6.2) mes ({a G A : be B a }) = mes (A) for a.e. b G B. 

The same reasoning also gives that 

(6.3) mes ({a G A : /(a, b) = /i(a, b)}) = mes(H) for a.e. b G B. 

Set 

(6.4) B := {b G B fl B* : mes ({a G A : be B a }) = rnes(H) 

and mes ({a G A : /(a, b) = fi(a, fe)}) = mes(H)} . 
We deduce from n-(B that 

(6.5) mes(-B) = mes (B). 

Fix an arbitrary point b 0 G B and let (w n )^ =1 be an arbitrary sequence of G 
such that lim w n = bo and w n G A a (b 0 ) for some fixed number 0 < a < Fix 

n—>oo z 

an arbitrary point Zo of D and let (z n )™ =1 be an arbitrary sequence of D such that 
lim z n = z 0 . 

n—>oo 

Clearly, we may find 0 < hi < 1 such that 

( 6 . 6 ) supo;( 2 : n , A, D) < 1 — hj. 

nG N 

Fix an such that 0 < S 2 < hi- Since b 0 is locally regular relative to B and 
lim w n = bo and w n G A a (b 0 ), there is a sufficiently large number iVo with 

n—xx) 

(6.7) u(w n , B,G) < 5 2 , n > N 0 . 

Let U be that connected component of the following open set 

D$ 1 := {z e D : u>(z, A, D) < 1 — h]J 

which contains z 0 (see (EH) ). Applying Theorem 15.31 we may find an angular Jordan 
domain := Q(F, h ) contained in U such that F C Ap\A*r\U D . Let V be a rectifiable 


BOUNDARY CROSS THEOREM IN DIMENSION 1 


25 


Jordan domain with fl C V C U, Wq E V , and V fl U = CtC\U for some neighborhood 
U of the base F of fl. 

In virtue of (EH) and of the fact that V C U C D$, we obtain that 

(6.8) V x {w n } C W°, n > N 0 . 

Consequently, Theorem 15 . 51 yields that for any n> N 0 , 

- 7r 

(6.9) f(a,w n )= lim f(z,w n ), 0 < a < -, 

z^>a, z£A a (a) Z 

for a.e. a E F. 

Next, for any n > No let 

F n := < a E F : b 0 G B a and /(a, w n ) = lim f(z, w n ) > , 

z^a, z£A a (a) J 

oo 

F 0 := f| F n . 

n=No~hl 

It follows from EH, EH> and the fact that bo E B that mes (F n ) = mes(F), n > N 0 . 
Hence 

( 6 . 10 ) mes(F 0 ) = rnes(F) > 0 . 

In virtue of EH, consider the following holomorphic functions on V 

(6.11) h n (t) := f(t, w n ) and h 0 (t) := f(t,b 0 ), t G V, n > N 0 . 

Since we have already shown in Step I that \h n \ v < \f\ x < oo, n > N 0 or n = 0, 
applying Part 1) of Theorem 15.81 we may find a subset A of F 0 with mes(A) = 
rnes(F 0 ) > 0 such that h n , n > N 0 (resp. h 0 ) admits the angular limit f\ ( t,w n ) 
(resp. fi (■ t, bo)) at t e A. Observe that by (16.41) and the fact that b 0 € B we have 
that 

lim /i (t, w n ) = /i (t, bo) = f (t, bo) for a.e. t E A. 

n—> co 

Using this and (16.111) , we are able to apply Khinchin-Ostrowski Theorem (see [U 
Theorem 4, p. 397]) to the sequence (h n )%L 0 . Consequently, one gets 

lim f(zn,w n ) = f(zo,bo). 

n—>co 

This shows that / admits the angular limit / at every point of D x B. Hence, / 
satisfies Property 1). 

In order to complete Step 2 we need to show the uniqueness of /. To do this, let 
/ € 0(W°) be a function with the following property: There is a subset A (resp. 
B) of A fl A* (resp. b fl B*) such that mes(H \ A) — mes(H \B) — 0 and / admits 
the angular limit / at every point of [A x G) U (D x B). Fix an arbitrary point 
(zo,Wo) E W°. Let U be the connected component containing Zo of the following 
open set 

{z E D : u j(z, A, D) < 1 — uj(wo , B,G)} . 
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We deduce from the property of / and / that both holomorphic functions /(-, rc 0 )|u 

and f(-,wo)\u admit the angular limit f(-,w 0 ) at every point of A n A n U D . 

Consequently, applying Theorem 15.41 yields that f(-,w 0 ) = f(-,w 0 ) on U. ffence, 

f(zo,wo) = f{zo,wo). Since (zo,wq) E W° is arbitrary, the uniqueness of / is estab¬ 
lished. This completes Step 2. □ 

Step 3: Proof of Part 2). 

Proof of Step 3. Fix (zq, w 0 ) E W°. For every b E B we have 

\f(a,b)\ <\f\ A xB, a E A, and \f(z, b)\ < \f\ w , z E D. 

Therefore, the Two-Constant Theorem (see Theorem 2.2 in HDD implies that 


(6.12) l/M)l < 1/lOOWlOW z e D, be B. 

Let S := lo(z 0 , A , D) and consider the ci-lcvel set 

Gs := {w E G : u(w, B,G) < l — 5} . 


Clearly, w 0 E Gs- 

Recall from Step 2 that B C B n B*, mes B D B*) \ B^j = 0, and 
(6.13) f(zo, b) — lim f(z 0 ,w), 0 <a<^-,bEB. 

w^b, w£A a (b) Z 


Consider the following function h : G$U B —* C defined by 

f(zo, t), t E Gs 


(6.14) 


h(t) : = 


f(zo,t), tEB 


Clearly, h\ Gs E 0(G S ). 

On the other hand, in virtue of (HEED and the result of Step 1, we have 
(6-15) | h\ Gs < l/l^o < \f\w < oo. 

In addition, applying Corollary 14. 1 II and taking (16.1310(16.141) into account yields 

\h(t)\ < |A|‘-"‘ (M ' D) |A|Sf- 4 ' D >, teG s , 
where, by Theorem 14.101 

Mt,B,o)= u(t ; B 'f Dy 

1 — u(zq, A, D) 

This, combined with ra-ra, implies that 

|/(ZO,«’0) = |fc(tOo)| < l/lL"i“ , ' 4 ' DK “' < ”"' B,C) |/lO'' 4,D)+ " ( ”’ B ' G) - 

Hence Part 2) for the point (zq,w o) is proved. 

Step 4: Proof of Part 3). 

Proof of Step f. Let (a 0 ,rco) E A* x G be such that the following limit exists 

A := lim f(a,w). 

(a,w)^(ao,wo), (a,w)£AxG 


□ 
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We like to show that / admits the angular limit A at (ao,Wo)- 

For any 0 < e < |, we may find an open neighborhood A ao of cio in A and a 
positive number r > 0 such that B(w 0 , r) <<= G and 


(6.16) 

1 f(a,w) 

-A|<e 2 , 

52 

VI 

o 

1 

O 

e 

UJ 

e 

Put 




(6.17) 


6 := sup 

u(w, B, G ). 



1PE®(tP0: 

r) 

Since a 0 G T, 

it is clear that mes(A ao ) > 0. Next, consider the level 


D s := 

= {z G D : to i 

{z,A ao ,D) < 1 - A} . 

In virtue of (16. 1 71) . we can 

define 


(6.18) 

h(t, w) := 

: f(t,w) - A, 

t G Ds, w G B(wo, r). 


Clearly, 

(6.19) \h\ Dt < 2\f\ Wo = 2\f\ w = 2. 

By (16.1811 and using the result of Step 2, we know that for every w G M(wo,r) 
the holomorphic function h(-,w)\n s admits the angular limit f(a,w ) — A at a for 
a G AnA ao , where A is given in Step 2. Consequently, applying Corollary 14. 1 II and 
taking (16.161) and (Rnn into account, we see that 

\h(t,w)\ < e 2 ( 1 ~^s(t,Aa 0 ,D)) 2 ^s{t,Aa 0 ,D) ^ e 

Let 0 < a < In virtue of Theorem 14.101 and the hypothesis that ao G A *, we 
deduce that lim A ao , D) = 0. Consequently, there is an r a > 0 such 

t *clq, t£jA.ct(a o) 

that 

| f(z,w) - A| = \h(z,w)\ <6, z G A a (a 0 ) D {\z - a 0 | < r a }, w G B (w 0 ,r). 

This completes the above assertion. 

Similarly, we can prove that / admits the angular limit 

lim f(z,b ) 

(z,b)—>(zo,bo), ( z,b)GDxB 

at any point (z 0l b 0 ), if the latter limit exists. Hence the proof of Step 4 (i.e. Part 
3)) is finished. □ 

Step 5: Proof of Part 4)- 

Proof of Step 5. Let (ao, b 0 ) G A* x B* be such that the following limit exists 

A := lim f(a,b). 

(a,b)—>(ao,bo), (a,b)^AxB 

We like to show that / admits the angular limit A at (ao, bo). 

Recall that \ f\x < 1, and fix an arbitrary 0 < e < |. Since (a 0 , b 0 ) G A* x B*, we 
may find an open neighborhood A ao of ao in A (resp. an open neighborhood Bb 0 of 
b 0 in B ) such that 

(6.20) |/M) —A| <e 2 , 


a G A ao , b G Bb 0 . 
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It is clear that mes(A ao ) > 0 and mes (B bo ) > 0. 


Consider the function 


(6.21) h(z, w) := f(z, w) — A, (z,w) eX(A ao , B^; D,G). 
Clearly, 

(6.22) \h(z, w)\ <2, (z,w) eX(A ao ,B bo ]D,G). 

Applying the results of Steps 1-3 to h, we obtain the function 


(6.23) h:=K[h] on X°(A ao ,B bo ; D, G). 

so that h admits the angular limit h on ( A ao x G) U (D x B bo ), where A ao , B bo are 
given by Step 2. Clearly, 


X(A ao ,B bo -,D,G)cX(A,B-,D,G). 


Consequently, arguing as in Step 1 and taking into account the above mentioned 


angular limit of h, we conclude that 


h = f- A on X(A ao ,B bo ]D,G). 


Consequently, applying Step 3 and taking into account and the in¬ 

equality \f\ x < 1, we see that 



Therefore, for all (z,w) G X(A ao , B bo ] D,G) satisfying 



(6.24) 


we deduce from the latter estimate that 


(6.25) 


f(z,w ) - A < e. 


Since ao (resp. b 0 ) is locally regular relative to A ao (resp. B bo ), there is an r a > 0 
such that (16.241) is fulfilled for 

(z,w) G (-4a(a 0 ) n {|z - a 0 | < r a }) x (A a (b 0 ) D {|tc - &o| < r a }). 

This, combined with (E2SI). completes the proof. Hence Step 5 (i.e. Part 4)) is 
finished. □ 

Step 6: Proof of Part 5). 

Proof of Step 6. In virtue of Step 5, we only need to show that / admits the angular 
limit / on ( A* x G) U (D x B*). To do this let (a 0 ,io 0 ) G A* x G and choose an 
arbitrary 0 < e < 1. Fix a compact subset I\ of B D B* such that mes(7b) > 0 and 
a sufficiently large N such that 


(6.26) 
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Using the hypothesis that / can be extended to a continuous function on A* x B*, 
we may find an open neighborhood A ao of a 0 in A* such that 

(6.27) \f{a, b) — f(a 0 , b)\ < e N , aeA ao nA* ao , b G K. 

On the other hand, 

(6.28) \f(a,w) — /(a 0 , w 0 )\ < 2\f\ x < 2, a G A ao 0 A* ao , w G G. 

For a G A ao D A* o , applying the Two-Constant Theorem to the function /(a, •) — 
/(ao,-) G 0(G ) and taking (J6.26D - (|6.28|) into account, we deduce that 

(6.29) | f(a,w 0 ) ~ f(ao,w 0 )\ < e N ^ W0 F,G))^\f\ x )^ K ^ < i. 

Since /(a, -)|(j is a bounded holomorphic function for a G A, there is an open neigh¬ 
borhood V of w o such that 

\f{a,w) - f{a,w 0 )\ < aeA,weV. 

This, combined with implies that 

\f(a,w) - f(a 0 ,w 0 )\ < \f(a,w 0 ) - f(a 0 ,w 0 )\ + \f(a,w) - f(a,w 0 )\ 

< 2~*~2 = e ’ ^ a °’ W ^ V ' 

Therefore, / is continuous at (a 0 ,w 0 ). Consequently, we conclude, by Step 4, that 
/ admits the angular limit /(ao,u>o) at (ao,wo). Similarly, we may also show that / 
admits the angular limit f(zo,b 0 ) at every point (zo,bo) G D x B*. This completes 
the proof of the last step. □ 


7. Preparatory results 

We first develop some auxiliary results. This preparation will enable us to gener¬ 
alize the results of section 6 to the general case considered in Theorem A. 

Definition 7.1. Let Q be a complex manifold of dimension 1 and Acll. Define 

u(-, A, Q) := sup {u : u G S7i(Ll), u < 1 on U, u < 0 on A} . 

The function o;(-,A,f2) is called the the harmonic measure of A relative to fh A 
point C G A fl is said to be a locally regular point relative to A if 

lim u(z, Anu,nnu) = o 

for any open neighborhood U of (. If, moreover, (eA, then Q is said to be a locally 
regular point of A. The set of all locally regular points relative to A is denoted by 
A*. A is said to be locally regular if A = A*. 

Proposition 7.2. Let X be a complex manifold of dimension 1, D C X an open set 
and A C dD a Jordan measurable subset of positive length. Let {aj}j £ j be a finite 
or countable subset of A with the following properties: 

(i) For any j G J, there is an open neighborhood Uj of aj such that D fl Uj is 
either a Jordan domain or the disjoint union of two Jordan domains; 
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(ii) Ac[J U r 

jeJ 

For any 0 < 8 < define 

U j: s .= {z e D n Uj : cu(z, A* n Uj, D n uf) < 5} , j g J, 

As := [J Uj : g, 

j&J 

Ds ■■= {z G D : u;(z, A*, £>) < 1 - 6} . 

Then: 

1) Af) A* c Aj? and A s C D^s C £> 5 ; 

2) ui{z, A*, D) — 5 < uj(z, As , Z?) < o;(^, A*, D), z G D. 

Proof. To prove Part 1), let a G A D A* and fix an j G J such that a G Uj. Then 
lim u(z, A* fl Uj , D D Uj) =0, 0 < a < —. 

z^a, zGAa(a) 2 

Consequently, for every 0 < a < there is an open neighborhood V a C Uj of a 
such that 

ui(z, A* n Uj , D fl Uj) <6, z € -4 Q (a) D V a . 

This proves A fl A* C Af. 

To prove the second assertion of Part 1), one applies the Subordination Principle 
and obtains for z G Ujj, 

(7.1) cu(z, A*,D) < lu(z, A* nUj,DnUj) <5 <1- 6. 

Hence, 0 G D\s. This implies that As C Dis- In addition, since 0 < 5 < it 
follows that Di_s C Ds- Hence, Part 1) is proved. 

We turn to Part 2 ). Since As is an open set and, by Part 1), A fl A* C Af, it 
follows from Definitions nao that 

u>(z, As, D) < u(z, A fl A*, D), z&D. 

Hence, in virtue of Theorem ESI it follows that 

u(z, As, D) < u(z, A*, D), z G D, 

which proves the second estimate of Part 2). 

To complete Part 2), let z G As. Choose j G J such that z G Uj t s- We deduce 
from (EH) that u>(z, A*, D) — 5 < 0. Hence, 

u>(z, A*, D) — 5 < 0, z G As. 

On the other hand, u:(z, A*, D) — 5 < 1, z G D. Consequently, the first estimate of 
Part 2) follows. The proof of the lemma is finished. □ 

The main ingredient in the proof of Theorem A is the following mixed cross 
theorem. 
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Theorem 7.3. Let X and Y be complex manifolds of dimension 1, D C X and 

OO 

Q C Y open subsets, and A C D and B C <90. Assume that A = [J Ak with 

k=\ 

A k locally regular compact subsets of D, A k C A k+ 1 , k > 1. In addition, B C 
<90 is a Jordan measurable subset of positive length. For 0 < 5 < 1 put G : = 
{wefi: u(w, B, O) < 1 - 5} . Let W : = X(A, 5; D, G ), W° : = X°(A, B\ D, G), 
and (using the notation us(-,B,£l) of Theorem \4.1C\ ) 

W° = X°(A, B-, D, G) := {(z,w) E D x G : uj(z, A*, D) + u s (w, B, O) < 1} . 

Let f : W —> C be such that 

(i) / e O a {W°y, 

(ii) / is Jordan measurable and locally bounded on W ; 

(iii) for any z G A, 

7r 

lim f(z, w) = f(z, rj), rj G B, 0 < a < -. 

w—>r), weA a (v) £ 

Then there is a unique function f E 0(W°) such that f — f on Ax G and 

/v 7T 

lim f(z, w ) = f(zo, 7] 0 ), 0 < a < 

z — >Z0, W^r} 0 , WeActiV o) ^ 

for every zq E D and po E B D B*. Moreover, \ f\^ a < \ f\w- 

Proof. First one proves the existence and uniqueness of /. Fix an / : W —> C 
which satisfies (i)—(iii) above. 

Step I : Reduction to the case where D <s= X is an open hyperconvex set? and A is a 
locally regular compact subset of D and \f\w < °°- 

Since X is countable at infinity, we may find an exhaustion sequence (D k )^ =l of rel¬ 
atively compact, hyperconvex open subsets D k of D with A k C D k /* 1) (for exam¬ 
ple, we can choose open subsets D k of D with smooth boundary which contains A k ). 
Similarly, since Y is countable at infinity, we may find a sequence (h2fc)^ =1 of open 
subsets of hi and a sequence (B k )^ =1 of Jordan measurable subsets of B which sat¬ 
isfy the hypothesis of Proposition 14.71 Let G k := {w E Ll k : u(w, B k , Ll k ) < 1 — J} . 
Using a compactness argument, we see that \f\x(A k ,B k -,D k ,G k ) < °°- 

By reduction assumption, for each k there exists an f k E O (x°(A k , B kl D k , G k )^j 

such that f k admit the angular limit f\x(A k ,B k nB*-,D k ,G k ) on X(A k , B k fl B* k \D k , G k ). 

We claim that f k+ \ = f k on X°(A k , B k ; D k ,G k ). Indeed, £x an arbitrary ko > 1 
and an arbitrary point (z 0 , wq) E X°(A ko , B ko ; D ko , G ko ). Let k E N such that k > ko- 
Let T> be the connected component containing zq of the following open set 

{z E D : (jj{z,A ko ,D ko ) < 1 - uj 5 (w 0 , B kl Q k )} . 

Observe that both functions f ko (-, w o)\v and f k (-,w 0 )|x> are holomorphic and 
fk(z,w 0 ) = fk(z,w 0 ) = fko(z,w 0 ), z E A k nV. 

3 An open set fl C X is said to be hyperconvex if it admits an exhaustion function which is 
bounded subharmonic. 
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Since A k D D is non-polar, we deduce that fk 0 ( m ,Wo)\v — fk(', w o)\v- Hence, 
fh 0 (z o,wq) = fk(zo,wo), which proves the above assertion. 


On the other hand, by Proposition 14.71 one gets ~K 0 (A k , B k , D k , G k ) /* W° as 


k /* oo. Therefore, we may glue f k together to obtain a function / G 0(X°) such 
that / admits the angular limit / on W and / = / on A x G. The uniqueness of such 
an extension / can be proved using the argument given in the previous paragraph. 


This completes Step I. 

Step II: The case where D d X is an open hyperconvex set, A is a locally regular 
compact subset of D, and \f\w < oo. 

Suppose without loss of generality that \f\w < 1- We will apply Theoreme 3.3 in 
the work of Zeriahi na to the pair of condenser [A, D). In the sequel, we will use 
the notation from this work. 

Let po ■= Ta,d and /q a inadmissible Lebesgue measure of D. Let Hi := 
L\(D,gLi), H 0 := the closure of Hi\a in L 2 (H,/i 0 ), let C Hi be a sys¬ 

tem of doubly orthogonal bases in Hi and H 0 . Recall that | b 0 \\ h 0 = 1. Putting 
7 j := 1111ij-j_, j G N, we have that 



(7.2) 


e > 0. 


3 = 1 

For any w G B, we have /(-, w) G Hi and /(-, w)\a G H 0 . Hence 


OO 




j G N. 


Taking the hypotheses (i)-(iii) into account and applying Lebesgue’s Dominated 
Convergence Theorem, we see that the formula 



(7.5) 



A 


defines a bounded function which is holomorphic in G. Moreover, by (iii) and (H3D- 
m it follows that 


(7.6) 


W — >T), _ _ v f/ 



Using Q:' Oi. we obtain the following estimates 


log I cj (w) | log Vhot A ) 

log Ij ~ log lj 


w G G, j G N, 
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This shows that for any e > 0, there is a sufficiently large N such that for all 

3 > N , 

(7.7) ^ ^ < ujs(-, B, O) + e — 1 on G. 

l°g 7 j 

Take a compact set K d D and let 1 > a = a(K) > ma xuj(-,A,D). Choose an 
e = e(K) > 0 so small that a + 2e < 1. Consider the open set 
Gk {w G G : ujg(-, B,Q) < 1 — a — 2e} . 

By (17.711 there is a constant C'(K) such that 

(7.8) \cj\a, < C\K j > l. 

Now we wish to show that 

OO 

(7.9) ^2cj(w)bj(z) 

3 = 1 

converges locally uniformly in W°. Indeed, by fn and (in, we have that 

(7.10) 

OO OO OO 

E I^IgJCa' < E C '< A ') 77 ”- e C(A» 7 “ < C'(K)C(K,a)J 2 tr < <*>• 

j =i j =i i=i 

which gives the normal convergence on K x Gk- Since the compact set K and e > 0 
are arbitrary, the series in (in converges uniformly on compact subsets of W°. Let 
/ denote this limit function in (in. 

Fix z 0 G D and // 0 G BOB*. We choose a compact K 0 d D so that K 0 is a 
neighborhood of z 0 . Let e 0 > 0. 

In virtue of (I7TUD . there is an N 0 such that 


OO 

( 7 - n ) ^2 i^IgkJ^Iko < j. 

j=N 0 +l 


On the other hand, in virtue of m-m, we may find, for any 0 < a < an 
open neighborhood V a of i]o such that 


N 0 N 0 

^Cjiwjbjtz) - 5^0( 

3 = 1 i =1 

This, combined with (in and (17.1 111 , implies that 


< 77, ^ e K 0 , w G A a {r 70) n 14. 


lim sup 

z—>ZQ, 711 —> 7 ) 0 , w£Aa(r) 0) 


/(*,«>) - f(zo,Vo) 


< O, 


0 < a < 


7T 


Since eo > 0 and (20,770) € D x (B D B*) can be arbitrarily chosen, we conclude that 

lim f(z, w) = f(z 0 , 770), (zq, 770) G D x (B 0 B*), 0 < a < J. 

2 — >zq, w^rjo, weA a (r]o) ^ 


To complete Step II, it remains to show that / = / on A x G. To do this, fix an 
arbitrary (zq,w 0) G 4 x G. Let Q be the connected component of G containing wq. 
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Recall that G = {w £ hi : u(w, B, hi) < 1 — 5} . Then observe that both functions 
f( z o,-)\g and f(zo,-)\g admit the same angular limit / on B fl Q n . Consequently, 
applying Theorem Elyields that f(z 0 , -)\g = f(z 0 , -)\g. Hence, f(z 0 , w 0 ) = f(z 0 , w 0 ), 
which proves the above assertion. 

This completes the proof of Step II. 

It remains to prove the estimate \f\y^ 0 < \f\w- I 11 order to reach a contradiction 

assume that there is a point z° £ W° such that \f(z°)\ > \f\w- Put ol f{ z °) and 
consider the function 

(7.12) g(z) := —1 -, 2 6 W. 

f{z) - a 

Using the above assumption, it can be checked that g satisfies hypotheses (i)-(iii) of 
Theorem 17.31 Hence applying the first assertion of the theorem, there is exactly one 
function g £ 0(W° ) with g = g on A x G. Therefore, by (17.121) we have on A x G : 
g(f — a) = 1. Thus g(f — a) = 1 on W°. In particular, 

0 = g(z°)(f(z°) - a) = 1; 

a contradiction. Hence the inequality \f\^ Q < \f\w is proved. □ 

Finally, we conclude this section with two uniqueness results. 

Proposition 7.4. Let X, Y be two complex manifolds of dimension 1, h C X, 
G C Y two open sets and A C dD, B C dG two Jordan measurable subsets of 
positive length. Let D C X be an open set, DnD ^ 0, and let A C dD be a Jordan 
measurable subset of positive measure. Put 

W° := X°(a,B;D,g'), 

W := X 0 (^A,B-D,Gy 

Let f £ 0(W°), f £ 0(W ), and zo £ D fl D be such that both f and f admit 
the same angular limit at (zo,b) for a.e. b £ B. Then f(z,w ) = f(z,w ) for every 

(z, w) £ w° n w . 

Proof. Fix an arbitrary w 0 £ G such that (z G , w 0 ) £ W° fl W . Choose 0 < e < 1 so 
that 

(~o> w o) £ Di-e xG e n Di_ e x G e , 

where we have used the notation of level sets introduced in Section 4. Applying 

Theorem El to f(z 0 ,-)\ Ge and f{z 0 ,-)\ Ge , it follows that f (z 0 ,w 0 ) = f (z 0 ,w 0 ). 
Hence, the proof is finished. □ 

Now we are able to prove the uniqueness stated in Theorem A. 

Corollary 7.5. We keep the hypotheses and the notation of Theorem A. Then there 
is at most one function f £ 0(W °) which satisfies Property 1) of Theorem A. 

Proof. It follows immediately from Proposition 17.41 □ 
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8 . Proof of Theorem A 

Recall that by Corollary 17.51 the function / satisfying Part 1) is uniquely deter¬ 
mined (if it exists). We only gives here the proof of Part 1). Using this part, we 
conclude the proof of Parts 2)-5) of Theorem A in exactly the same way as we did in 
Section 6 starting from Step 2 of that section. The proof is divided into two steps. 

Step 1: Proof of Theorem A for the case where G is a Jordan domain. 

Proof of Step 1. In virtue of Proposition 17.21 let {aj}j £ j be a finite or countable 
subset of A with the following properties: 

• For any j G J, there is an open neighborhood Uj of aj such that D fl Uj is ei¬ 
ther a Jordan domain or the disjoint union of two Jordan domains (according 
to the type of af)\ 

• A C U Uj. 

i&J 

For any 0 < S < |, define 

Uj,s ■ = {z E D f 1 Uj : uj(z, A* DUj, D D Uj) < J} , j E J, 

As := [J U 3 ,s, 
j&J 

Gg {w E G : u(w, B, G) < 1 — J} . 

Moreover, for every j E J let 

Wj := X (d(D C Uj) HA,B;Dn Uj, G), 

(8.1) Wj° := X° (d(D n Uj) HA,B;Dn Uj, G), 

fj '■= f\wj- 

Using the hypotheses on /, we conclude that fj , j E J, satisfies (i)-(iii) of Theorem 
A. Moreover, since G is a Jordan domain and D D Uj, j E J, is either a Jordan 
domain or the disjoint union of two Jordan domains, we are able to apply the 
result of Section 6 to fj. Consequently, we obtain, for j E J, a unique function 

fj E O (\Vj j , a subset Aj of d(D fl U) fl A, a subset Bj of B such that 
Aj C A*, 

(8.2) (d(D nl/)ndj \ Aj and B \ Bj is of zero length, 

fj admits the angular limit / on ((<9 (D fl Uj) fl Aj) x G) U (D x Bf) . 

Put 

A := Aj and B f"') Bj, 
jeJ j£J 

W s :=x(a s ,B-,D,Gs ) , 

JW°:=X° (As,B;D,G s y 


(8.3) 
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In virtue of Proposit.ion l7.4l we are able to collect the family (/ 


'jlUj'SxGs 


in order 


j6J 


to obtain a function fg G 0(Ag x Gg). 
Next, consider the function fg : Wg 


C given by 


(8.4) 


fs:= 


fg, on Ag x Gg 
f, on D x (B n B*) 


In virtue of we deduce that 

(8.5) A \ A and B \ B is of zero length, 


and 

( 8 . 6 ) 

lim fs(z, w) = f(za,b 0 ), 

z — >zo, w^bo, weA a {bo) 

lim fs(z,w) = f(a 0 ,w 0 ), 

z—>ao, z£Ac(,a, o), w— >u>o 


0 < a < Zq G D, b 0 <E BOB*, 

7r 

0 ot —, clq G A, ^ 


In virtue of (Q-flEH), fg satisfies the hypotheses (i)-(iii) of Theorem 17.31 Applying 
this theorem to fg, we obtain, for every 0 < S < |, a function fg G O (Wg j . In 
virtue of m, we see that 

(8 -7) 

fs = fs on Ag x G s , 

lim fg(z,w) = f(z Q ,b 0 ), 0 < a < z 0 G D, b 0 G B fl B*, 

Z^ZO, W^bo, WeAa(bo) Z 

* 7T 

lim fs{z,w ) = f(a 0 ,w 0 ), 0 < a < -, a 0 G A, w 0 G GV 

z—>ao, zeARao), 10—>feo 4 


We are now in a position to define the desired extension function /. Indeed, one 


glues 

( 8 . 8 ) 


0«5<i 


together to obtain / in the following way 


/:=lim/ s 


on r = X° (A, B; D, G ) . 


Now one has to check that the limit (EED exists and possesses all the required 
properties. This will be an immediate consequence of the following 

Lemma 8.1. For any point ( z,w ) G W° put 

/on ) * 1 -u(z,A*,D)-u{w,B*,G) 

(8.9) 0(z,™) •= - 2 -' 

Then f(z,w ) = fg(z,w ) for all 0 < 5 < 5( z ,w)- 
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Proof of Lemma lfl.il Fix an arbitrary point ( z 0 ,vj 0 ) E X° (A, B; D, G) and lot 
do '■= 8(z 0}W0 ). Let 0 < 5 < <5o. Then, oj(wq, B*, G) < 1 — 5$ and 

lo(wq, B*, G) 


As, D) + ujs 0 (wq, B, G) < u(zq, A*, D) + 


< 


1 — $0 

w(zq, A*, D) + u(wq, B *, G) 
l — 5n 


< 1 , 


where the latter estimate follows from formula (ED- Consequently, 

(8.10) (zo,wo) E (A$, B] D,Gs 0 ) ■ 

On the other hand, using Part 1) of Proposition 17.21 it is clear that 

(8.11) X° (A s , B- D, G So ) C X° (A s , B ; D, G s ) D X° (A So , B; D, G So ). 
Moreover, in virtue of (18.41) and (EH), we have 

(8.12) fs — fs — fs 0 on As x Gs 0 . 

Next, let T> be the connected component containing z 0 of the following open set 

{z E D : u(z,A s ,D)<l-uJs 0 (u’o,B 1 G)} 

Observe that, in virtue of noi - flgm both functions fs\v and fs 0 \v are holomor- 
pliic and T> 0 As is a nonempty open set. Therefore, we deduce from dEU2D that 
fs = fs 0 on Hence, fs(z 0 ,w 0 ) = fs 0 (z 0 ,w 0 ), which completes the proof of the 
lemma. □ 

We complete the proof (of Part 1)) as follows. An immediate consequence of 
Lemma f8.II is that f E O . Next, we apply Lemma 18.11 and make use of (18.41) - 

(ED and of the fact that W$ —> W° as 5 \ 0. Consequently, we conclude that / 
satisfies the conclusion of Part 1). Hence, the proof of Step 1 is finished. □ 

Step 2: Proof of Theorem A for the general case. 

Proof of Step 2. We proceed using Step 1 in exactly the same way as we proved 
Step 1 using the result of Section 6. Hence, Step 2 is finished. □ 

This completes the proof of Theorem A. □ 

We conclude this section with the following remark. Using the above proof, one 
can also derive Gonchar’s Theorem (Theorem 1) from Druzkowski’s Theorem (The¬ 
orem 3). Indeed, in Step 1 above, let {aj}j G j be finite or countable subset of A with 
the following properties: 

• For any j E J, there is an open neighborhood Uj of aj such that D D Uj is a 
Jordan domain and A fl Uj is one open arc; 

• A C [J Uj. 

3&J 

Then we repeat Step 1 ( B is only one open arc) and Step 2 (the general case) above 
using Druzkowski’s Theorem. Gonchar’s Theorem follows. □ 
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9. Proof of Theorem B 


We will only give the proof of Theorem B for the case when D and G are the unit 
disc E. Since the general case can be proved using the scheme of Section 6 and 8, it 
is left to the interested reader. The proof is divided into the following two steps. 

Step 1: Proof of Theorem B for the case when the slice functions /( OlG and, 
/(•, b)\ D are bounded for every a E A and b E B. 

Proof of Step 1. For any N E N let 

(9.1) A N -.= {aEA : \f(a, -)|g < N} and B N := {b E B : |/(-, b)\ D < N} . 
Using the assumption of Step 1 and (EH), we obtain 

(9.2) An /* A and Bn /* B as N /* oo. 

Now we would like to show that for every N EN, 

A n is a closed subset of A and f\A N xG £ C(A N x G), 

B n is a closed subset of B and f\oxB N £ C(D x Bn)- 

To do this fix an arbitrary N E N and let (a n )™ =1 be a sequence in An such that 
lim a n = a 0 E A n . Consequently, by hypothesis (i), 


(9.3) 


(9.4) 


lim f(an,t) = f(a 0 ,t), 


t E B. 


On the other hand, it follows from the assumption (a n )^L 1 C A N and the hypoth¬ 
esis of Step 1 that 

\f(a n ,-)\G<N and \f(a 0 ,-)|g < oo. 

Combining this and EH’ we are able to apply Khinchin-Ostrowski Theorem (see 
(31 Theorem 4, p. 397]) to the sequence (f(a n , - )|g)^i C 0(G). Consequently, this 
sequence converges uniformly on compact subsets of G to /(do,-). This completes 
the proof of (19.31) . 

On the other hand, by hypothesis (ii), the holomorphic function /(a,-) admits 
the angular limit f(a,b ) at b E B. Hence, it follows that f\A N xB N is measurable. 
Moreover, by (19.11) . \f\x(A N ,B N -,D,G) < 77 for every N E N. In addition, in virtue 
of (19.21) . there exists a sufficiently large integer N 0 such that mes(Ay) > 0 and 
rues (Ay) > 0 for N > Nq. Consequently, we are in a position to apply Theorem A 
to the function / restricted to the cross X(Ay, Bn] D,G) for N > N 0 . Therefore, 

we obtain a function /jy E O ^X° (An, Bn] D, G)~J and a subset An (resp. Bn) of 
An (resp. Bn) for N > N 0 , such that 

mes(Av \ An) = mes (Bn \ Bn) = 0, 

(9.5) A /_ N, ./ 

/at admits the angular limit / on (AvxG'jMl.Dx B N 


Put 

(9.6) 


A := A n 

n=n 0 


and B := |^J Bn- 

N=N 0 
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Applying (19.21) . (19.51) . and Corollary 17.51 we obtain 
(9.7) f N = f N+ 1 onX°( 'A n ,B n] D,G), N > N 0 . 


Therefore, we may glue the J'n together to obtain the desired extension function / 
as 


(9.8) 


/ = lim /v on W° X° (A, B: D, G). 

N —>oo 


(9.9) 


Moreover, in virtue of GEMESD, we get that 
mes (A \ A) — mes (B \ B) — 0, 

/ admits the angular limit / on ^A x G^j [^J i^D x B 

Next, for every N > Nq, in virtue of (E2)-(Ei and (Q, one may hnd a sequence 
(F/v,n)))foi (resp. (HN,n)™=i) of compact subsets of dD (resp. dG ) such that 

FWri C Fn^u+i C A, H]\f n C H N ^ n+ i C F, 

mes(Tjv,n) > 0, mes(iAv,n) > 0, 

(9-10) / oo \ / 

mes I Aat \ [J TV,™ =0, mes I \ [J i7 lV ,n 

\ n=l / \ n=l 

Moreover, for any k G N, k > 1 , and for any m G N, put 
(9.11) 

A Nnmk := la e A N : \f(a,()-f(a,ri)\<—, C, V G // A> , : |C-??|< —[>, 


= 0 . 


B 


Nnmk 


:={beB N : \f((,b)-f(v,b)\< 


2k 2 ’ 


C,^?e F^ n : |C- // < 


m 


Since, by hypothesis (i), / G C S (A x B), we deduce from (19.101) and (19.111) that 
A]\fnmk (resp. Bxnmk) is a closed subset of An (resp. Bn) and 


(9.12) 


A 


Nnmk 


Am and B 


Nnmk 


B 


N 


as m / oo, k > 1. 


Consequently, there is an mo := rrio(N, n, k) such that mes(AAr nm fc D Fjv, n ) > 0 and 
mes (BjNnmk n HN,n ) > 0 for any m > m-o- Now we are in a position to apply Theorem 
A to the function / restricted on the cross X ( A Nnmk fl F Njn , B Nnmk D H N n ] D,G). 
Using (19.71) - (19.91) and Corollary 17.51 we obtain exactly the function / restricted to 


(A^nmk 

L) I^Nnmk 

n H N)U ] D, G). Let 

(9.13) 

A-Nnmk 

• (^4 Nnmk Ll ^M,n) 


I^Nnmk 

• Nnmk Ll 


4 Recall from Subsection 2.2 that for a boundary subset T, T* denotes as usual the set of locally 
regular points relative to T. 
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Taking fUD-ra into account and arguing as in Step 5 of Section 6, we may 
show that 


mes \ 0, mes ^ Bj\f nrn ] t \ ^ 0, 

(9.14) „ 1 

hm sup | f(z,w) - f(a,b) \ < 

(z,w)—>(a,b) z£A a (a), w£A a (b), ( z,w)GX° 


7r 


o < a < 


for every (a, b) G A^umk x B^umk- Now it suffices to put 


OO OO OO OO 

A : = f) U U U A N nmk and B 

k =1 N=Nq n =1 m=mo(N,n,k) 


OO OO OO 


OO 


n u u u B Nnmk • 

k= 1 N=Nq n= 1 m=mo(N,n,k) 


Combining this and dHH , (EH), EHD and E2D, we may check that all the con¬ 
clusions of Theorem B are satisfied. Hence the proof is complete in this first step. 
□ 


Step 2 : The general case. 

Proof of Step 2. We begin with the following 


Definition 9.1. For a closed subset F of 8E and an n G N with n > 1, define the 
following open set 


A 


A(F, n) (J <z G A 

C &F ^ 


?(C): \z\>l~ 


n 


u: 


0,1 



The reader should compare this definition with Definition 15.11 Below we give a 
list of properties of such open sets. 


Proposition 9.2. Let F be a closed subset of dE. 

1) Let A (F,n) be as in Definition 1.9. il then A (F,n) is a rectifiable Jordan domain 
and F C dA(F, n ). 

2) A (F, n) / E as n Z' oo. 

3) Consider a locally bounded function f : E U F —> C. Then \f\A(F, n ) < °° f or 
every n G N with n > 1. 

4) There holds the following equality 

u;( z, F, E) = lim uj (z, F, A (F, n)), z G E. 

n—>oo 


Proof of Proposition UFUA Part 1) may be done as in the proof of Proposition 15.21 
Part 2) is an immediate consequence of Definition 19.11 
Part 3) follows immediately from the compactness of F. 

The proof of Proposition 14.71 still works in the context of Part 4) making the 
obviously necessary changes. This completes Part 4). □ 

Now we are in a position to complete Step 2. Indeed, first suppose that both A 
and B are closed. Then consider the sequence of rectifiable Jordan domain (D n )^T 2 
and (G n )%L 2 given by 

D n := A (A,n) and G n := A (B,n), 


n G N, n > 1. 
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For n G N, n > 1, let f n := /|x(A,S;D n ,G„)- I n virtue of Proposition 19.21 we are 
able to apply the result of Step 1 to f n . Consequently, we obtain a function f n G 
X°(A, B; D n , G n ). Therefore, we may glue f n together in order to obtain the desired 
extension function / as 

/ = lim f n on W° = X° (A, B; D, G). 

n—>oo 

Using Proposition 19.21 we can show that / possesses all the assertions of Theorem 

B. 

The case when A and B are only measurable is similar. It suffices to find a 

( OO 

A \ (J A m 

m= 1 

0, and a similar sequence (B m )™ =1 for B. Then we may apply the previous discussion 
tO /| X (A m , ,B m \D,G) i n order to obtain a function f m G X°(A m , B m ] D.G), and define 
the desired extension function / by / := lim f m on W°. This completes the proof 

m—>oo 

in this last step. □ 



10. Examples and Concluding remarks 


The following examples of Druzkowski 2] show the optimality of Theorem A and 

B. 

Consider D = G = E, A = B = {t £ dE : Ref > 0} , W := X(A, B ; D , G), and 
T := (DA A) x (GLIB). 

Example 1. Define a function h : T —» C as follows 

h , w j , = f exp ^ — [Log (1 - z) + Log (1 - iu)]Log^f^), z ± 1, w ± 1 
[0, z = 1 or w = 1 


where Log is the principal branch of logarithm. 

Put / := h\w- As in |2J observe that / is measurable, / G C S (W ) fl O s (W°), 
\f\w < oo, but /| axb is not continuous at (1,1). Since h |^ Q G 0(W°), using the 
uniqueness established in Theorem A, we conclude that the solution / provided by 
Theorem A and B satisfies / = h |^ D . In addition, we see that, for 0 < a < |, the 
angular limit of / at (1,1) does not exist. Thus the condition in assertion 3) of 
Theorem A is necessary. Moreover, the sets A, B given by Theorem B do depend 
on /. 

Example 2. Define a function h : T —» C as follows 

0, w = 1 


where (z,w) eT, 0 < A < 

Deffiie / := h\ w . Then / = h\^ a . As in |.2j observe that f \axb is continuous, 
/ G C S (W) fl O s (W°) , but / is not locally bounded on W. 
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In addition, for | < a < |, consider the functions z a ^\,w a : [0,1] —► C given by 
w a (t) := 1 + fe*( 7r ”^), 

z a ,\(t) := A + f ReLog 2 3 + Wa ^ + iA, f e [0,1], 

V 1 -w a (t)J 

We may prove that there is an t a \ > 0 and a neighborhood U a ,\ of A + iX in C such 
that 


(4,A(i),w a (t)) G 


(a*(a + i\) n u a>A ) x Al a (i)) n r, 
£4 ,a x A*(i)) nr, 


In addition, it can be checked that 


0 < t < t a> a, A = Ay 
0 < t < t a! x, 0<\<4 


lim (z a \(t), w a (t)) — (A + iX, 1) and lim 

t->o ’ t->0 


f(z a ,x(t),w a (t)) 


= oo. 


This shows that the assumption of the local boundedness on / is necessary in The¬ 
orem A. 


Finally, we conclude the article by some remarks and open questions. 

1. It may be proved that W° provided by Theorem A is the maximal domain of 
holomorphic extension of the function /. We postpone the proof of this result to an 
ongoing work (see |T2j). 

2. Does Theorem A still hold if we omit the assumption (ii) “/Uxb is Jordan- 
measurable” ? 

3. Does Theorem B still hold if we omit the assumption that /\axb G C s (A x B)1 
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